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Abstract. We study a variant of the Chromo-Natural Inflation (CNI) mechanism in which
the inflaton interacts only gravitationally with the CNI fields. Integrating out all the non-
dynamical scalar fields of the model results in a coupling between the perturbations of the
inflaton and of the CNI pseudo-scalar which is significantly greater than the one obtained in
the absence of the gauge CNI dynamics. We compute how this greater coupling impacts the
power spectrum of the inflaton perturbations that are sourced nonlinearly by the unstable
(tensor) gauge CNI modes, and we require that the amplitude of these modes is well below
that of the linear perturbations. Combining this result with various constraints, including
backreaction effects, the requirement of having observable and dominant sourced gravita-
tional waves (GW), and the current upper bound on the tensor-to-scalar ratio, significantly
constrains the range of parameter space where this model can produce an interesting GW
signal.
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1 Introduction
In axion, or natural, inflation the flatness of the inflaton potential is maintained by an ap-
proximate shift symmetry [1](see [2] for a review). In the minimal realizations, compatibility
with observations requires a trans-Planckian axion scale which seems to be at odds with
quantum gravity and string theory [3]. Several ways have been proposed in the literature
to overcome this problem (see [4–14]). The works [15, 16] considered the possibility that
a sub-Planckian inflaton range can be due to the interactions of the inflaton with a gauge
field. 1
The case of a pseudo-scalar inflaton coupling to an Abelian U(1) gauge field with a
non-vanishing vacuum expectation value (vev) was first proposed in [15]. The coupling χFF˜
(where χ is the axion inflaton, F the gauge field strength, and F˜ its dual) leads to a very
rich phenomenology. As the inflaton evolves, one polarization of the gauge field is amplified
while the other one remains small. This amplified polarization in turn, before being diluted
away due to the expansion of the universe, sources both scalar and tensor perturbations,
through its nonlinear interaction δA + δA → δχ with the inflaton field and δA + δA → δg
1See ref. [17] for a review on the role of vector fields during inflation.
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with the metric [18]. Some of the effects that arise from the above interactions include CMB
non-Gaussianity [18, 19], large scalar power spectrum at CMB scales [20], gravitational waves
at interferometer scales [21–25], parity violation in the CMB [26] and in interferometers [27],
primordial black holes [28–34], and large and parity violating tensor bispectra [35]. The
limits of validity of perturbation theory for these models is also well studied (see [36, 37]).
These studies are performed in the regime of negligible backreaction of the gauge fields on
the background evolution. In this regime perturbativity is respected [37].
A similar model where the Abelian U(1) field is replaced by a non-Abelian SU(2) triplet
of vector fields was proposed in [16]. The vector fields have non-vanishing spatial vevs
arranged in such a way as to lead to isotropic expansion [38, 39] and they are interacting
with the inflaton by an identical term to the U(1) case. In order to respect the cosmological
principle the spatial vevs have to be orthogonal to each other and of equal magnitude. This
model has been assigned the name ”Chromo-Natural Inflation” (CNI) and it shares many
similarities to ”Gauge-Flation” [38]. More specifically Gauge-Flation arises as a limit of CNI
when the inflaton is close to the bottom of its potential and then integrated out [40, 41]. The
theory of cosmological perturbations for this model was initially studied in [42] in a low-energy
effective description of the model, and then in [43–47] in the full model. In (2.10) the quantity
mQ is defined. This parameter can be viewed as a type of ”particle production parameter”
(analogous to the parameter ξ in the Abelian U(1) case; in fact the two parameters are equal
to each other in the large mQ limit) and it quantifies the strength of the particle production
of the gauge field during inflation. The study of the perturbations at the linear level shows
that this model is unstable for mQ <
√
2 and it is outside the allowed ns − r region in the
complementary regime (where ns is the spectral tilt, and r the tensor-to-scalar ratio).
2
Since the original CNI model appears to be incompatible with the data, there has been
a number of attempts to build models that share similar favorable features as the original
model but are different enough that they are not in tension with experimental observations.
Such models include the presence of a second axion inflaton [49] or a dilaton [50], a different
inflation potential [51–54], realizations in which the axion field is not the inflaton [55, 56],
and a spontaneous breaking of the SU(2) symmetry [57].
In this work we will focus on the model proposed in [55]. In this model, the axion χ
that couples to the SU(2) gauge field is a different field from the inflaton φ. The axion χ
and the gauge fields Aaµ are spectator fields for the purpose of the background inflationary
dynamics. However, as we also show in this work, they can impact the primordial tensor and
scalar perturbations of this model. 3 Adding a separate inflationary sector (coupled to the
CNI sector only through gravity) releases the tension with the acceptable ns − r range that
is found for the original CNI model. In Ref. [55] it is shown that for a range of the model
parameters one can generate a chiral power spectrum of gravitational waves that is greater
than the standard vacuum result (the one obtained in absence of the gauge fields) without
disturbing the dynamics of inflation. This production allows to violate the standard relation
( r
0.01
)1/4 ∣∣∣
standard
'
(
V 1/4
1016 GeV
)
, (1.1)
2As a consequence, one should expect that also Gauge-Flation is incompatible with data, as confirmed by
the analysis of [48].
3As we discuss in Appendix E, we also assume that the axion becomes massive before the end of inflation,
so that its energy density redshifts away, and it provides a negligible direct contribution to the observed
curvature perturbation.
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Figure 1. Diagrammatic representation of the GW power spectrum sourced by the enhanced mode
tL (left diagram), inflaton power spectra sourced by the linear perturbations of the axion field (middle
diagram) (which, as we show, can be neglected) and inflaton power spectra sourced by the nonlinear
perturbations of the axion (produced by the enhanced tensor mode tL) (right diagram). The evaluation
of the right diagram is the new result obtained in this work.
where V is the potential energy during inflation, that is valid under the assumption of stan-
dard vacuum GW [58]. The possible production of this additional and chiral GW background
is an extremely interesting aspect of this class of models [44, 52, 59–62]. In these models
one of the polarizations of the gauge tensor perturbations of a definite chirality, denoted by
tL, is amplified and it in turn sources gravitational waves linearly as is shown in the left
diagram of Figure 1. This mechanisms differs substantially from the one in the U(1) case
where the generation of the chiral GW background happens nonlinearly through the channel
δAL + δAL → δgL [18, 26]. 4
To gain a full knowledge of the phenomenology of the model requires the computation
also of the scalar perturbations. In particular, we want to understand how the enhanced
tL mode can impact the inflaton perturbations through nonlinear interactions. A number of
steps towards understanding the nonlinear dynamics of the model [55] have been taken in the
recent literature [59, 60, 64–66], that computed the tensor and scalar-tensor mixed bispectra.
The impact of nonlinearities on the scalar spectra has not yet been computed, as it
requires the more complicated evaluation of a one-loop diagram. This is the computation
performed in the present work. The computation is heavily based on our previous work [46]
in which we computed the analogous one-loop production of the axion perturbations in the
original CNI model. The most substantial addition with respect to that work is that, in the
present case, the produced axion modes are not external, but they in turn propagate and
source the inflaton perturbations. This is diagrammatically represented by the third diagram
in Figure 1. The inflaton and axion fields are not directly coupled to each other, and, at the
technical level, the coupling arises by integrating out the non-dynamical scalar modes of the
model. In inflationary models without gauge fields the coupling arises by integrating out the
δg00 metric perturbation. This results in a
√
χ φH
2δχδφ interaction, where H is the Hubble
rate, and where χ,φ are the two standard slow-roll parameters associated to the motion of
the fields. This coupling was present, for example, in the analogous U(1) spectator models
studied in [67, 68]. This coupling is present also for the model of our interest, and it is the
only coupling included in the existing analysis of the model. However, the dynamics of the
CNI sector is strongly influenced by the gauge fields. As a consequence, also the scalar part
of the nondynamical δAa0 modes should be included in the computation, and integrated out.
This introduces additional couplings between the axion and the inflation perturbations, that
can be up to order O(103) times larger than the one considered so far.
4See also [63] for the production of gravitational waves at preheating in this class of models.
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This increased coupling results in a greater production of the inflaton perturbations,
that we compute through the third diagram in Figure 1. 5 In turn, requiring that these
sourced scalar perturbations are significantly smaller than the linear inflaton perturbations
reduces the allowed region of parameter space of the model. We discuss this constraint,
together with other requirements on the model.
The plan of this paper is the following. In Section 2 we give a brief overview of the model
and its background equations of motion, and we define the relevant parameters. In section
3 we summarize the differences in the theory of cosmological perturbations between the
model of this paper and the original CNI model, and we derive the complete linear coupling
between the axion and the inflaton perturbations. Section 4 is a detailed application of the
in-in formalism in order to compute the rightmost diagram in Figure 1. Next, in Section
5 we combine the results of this paper with the study of the linear production of chiral
gravitational waves carried out in [55], and we plot the emerging limits on the parameter
space of the model. Finally we conclude our work with a summary of the computation as
well as a discussion about possible future work on this model and related ones. The paper
is supplemented by several Appendices, where we confine the most technical aspects of our
computations.
2 The model, and the background evolution
In this Section we review the background evolution of a model in which an SU(2) gauge
field carrying a nonvanishing vacuum expectation value (vev) is coupled to a rolling axion
field which is not the inflaton, and which gives a negligible contribution to the inflationary
expansion [55]. The model is characterized by the action
S =
∫
d4x
√−g
[
M2p
2
R− 1
2
(∂φ)2 − V (φ) − 1
4
F aµνF
a,µν − 1
2
(∂χ)2 − U(χ)− λ
8
√−g f χ 
µναβF aµνF
a
αβ
]
,
(2.1)
where Mp =
√
1
8piGN
is the reduced Planck mass, and where φ denotes the inflaton field, with
a potential V (which we do not need to specify in this work), while χ is the pseudo-scalar
axion, with potential
U (χ) = µ4
[
1 + cos
(
χ
f
)]
, (2.2)
which is coupled to a SU(2) gauge field of field strength F aµν = ∂µA
a
ν − ∂ν Aaµ + g abcAbµAcν .
In the coupling term, the tensor µναβ is totally anti-symmetric, and it is normalized to
0123 = 1. The vector field has the vev
〈Aa0 (t)〉 = 0, 〈Aai (t)〉 = δai a (t) Q (t) , (2.3)
which is compatible with an isotropic expansion. In this expression, a = {1, 2, 3} is the
SU(2) index, while the indices 0 and i = {1, 2, 3} refer to the time and space components,
respectively. We take the line element ds2 = −dt2 + a2 (t) d~x2 = a2 (τ) [−dτ2 + d~x2]. The
scale factor a (t) has been included in the parametrization of the vector vev, since Q (t) is
the quantity that is slowly evolving during inflation.
5In addition, integrating out the non-dynamical scalar perturbations produces also a direct tL tL δφ inter-
action. In Appendix D we show that this interaction results gives a subdominant contribution to the inflaton
perturbations.
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The 00 component of the Einstein equations for the model reads,
3H2M2p =
1
2
χ˙2 + U(χ) +
1
2
φ˙2 + V (φ) +
3
2
[(
Q˙+HQ
)2
+ g2Q4
]
, (2.4)
with dot denoting derivative with respect to the time t. In addition, we have the following
evolution equations for the inflaton, the axion, and the gauge field
φ¨+ 3Hφ˙+ V ′(φ) = 0 ,
χ¨+ 3Hχ˙+ U ′(χ) +
3λ g
f
Q2
(
Q˙+HQ
)
= 0 ,
Q¨+ 3HQ˙+ (H˙ + 2H2)Q+ g Q2
(
2gQ− λχ˙
f
)
= 0 , (2.5)
where a prime on a potential term denotes a derivative with respect to its argument. Com-
bining the 00 and the ii components of the Einstein equations so to eliminate the potential
terms, we can also write the exact relation
H = χ + φ + B + E , (2.6)
where all the quantities
H ≡ − H˙
H2
, χ ≡ χ˙
2
2H2M2p
, φ ≡ φ˙
2
2H2M2p
, B ≡ g
2Q4
H2M2p
, E ≡
(
HQ+ Q˙
)2
H2M2p
, (2.7)
are much smaller than unity during inflation.
The slow roll parameters (2.7) modify H˙ as shown by eq. (2.6). This in turn affects the
spectral tilt of the linear scalar perturbations [69]
ns − 1 = 2 (ηφ − 3φ − B − E − χ) ' 2 (ηφ − 3φ − B) , (2.8)
(with ηφ ≡ V ′′3H2 ; an analogous definition applies to ηχ) where in the last step we have used
the fact that B is the dominant CNI slow roll parameter. One can impose [55] that its
contribution to ns is negligible by assuming that φ is the dominant parameter in (2.7). The
condition φ  B restricts significantly the allowed range for B (this has an impact on the
phenomenological range that we study in Figure 4 below). Ref. [69] instead only requested
that B is smaller than about 0.02, not to introduce any tuning in eq. (2.8) (given that the
measured value for ns = 1 is about −0.04). We follow this second approach, as it is less
restrictive on the allowed region for B.
6
We also impose the slow-roll requirements
φ¨ Hφ˙ , χ¨ Hχ˙ , Q¨ HQ˙ . (2.9)
Finally, we require that the inflaton dominates the energy density of the universe.
The axion-gauge field sector of the model is the one of CNI [16]. It is therefore convenient
to introduce the usual CNI parameters
Λ ≡ λ
f
Q , mQ ≡ g Q
H
, (2.10)
6Analogous considerations were made in [37] for the abelian case.
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and, as done for the CNI case, to restrict the analysis to the regime Λ  √2 , Λ 
√
3
mQ
.
While this choice is mandatory in the CNI model, in the present context it has the purpose
of simplifying the analysis [55]. As long as these conditions hold, one finds
Qmin '
(−fU ′
3gλH
)1/3
,
λ
fH
χ˙ ' 2
(
mQ +
1
mQ
)
, (2.11)
as in the CNI case [16].
3 Linear perturbations
In this section we give a brief summary of the linear perturbations of the model (2.1). As
usual, the linear perturbations can be decomposed into the three tensor, vector, and scalar
sectors (decoupled from each other at the linear level). The vector and tensor modes behave
as in CNI. The vector sector does not play any relevant role in our discussion, and we refer the
interested reader to the analysis done in [43]. The tensor sector will be briefly described in the
following Subsection 3.1. One tensor perturbation (that originates from the SU(2) multiplet)
is unstable in a given regime of parameters, and it sources at the linear level one metric tensor
polarization. The scalar sector differs from that of CNI due to the fact that the axion (χ) is
not the inflaton (φ) in this case. We review this sector in Subsection 3.2. We pay particular
attention to the coupling between the inflaton perturbation and the scalar perturbations
of the CNI fields (the axion, and the gauge field). While this coupling affects the scalar
perturbations of the CNI field in a negligible manner, it is a crucial ingredient to find how
the CNI modes (sourced at the nonlinear level by the gauge field tensor perturbations, see
Section 4) affect the inflaton perturbation.
We use the convention
δ (t, ~x) =
∫
d3k
(2pi)3/2
ei
~k·~x δ
(
t, ~k
)
, (3.1)
for the Fourier transform of any perturbation δ.
3.1 Tensor sector
Tensor perturbations in this model are identical to those in the original CNI model. (The
study of tensor perturbations in the CNI model was carried out first in [43], and then in
more details in [44].) At the linearized level, modes of different momentum are not coupled
to each other, and so we can orient the momentum of a mode along the z−axis, without loss
of generality. Doing so, the tensor perturbations of the model can be written as
δA1µ = a (τ) (0, t+ (τ, z) , t× (τ, z) , 0) , δA
2
µ = a (τ) (0, t× (τ, z) , −t+ (τ, z) , 0) ,
δg11 = −δg22 = a
2 (τ)√
2
h+ (τ, z) , δg12 = δg21 =
a2 (τ)√
2
h× (τ, z) , (3.2)
where τ is conformal time. Starting from these modes, we define the left handed (+) and
right handed (-) helicity variables
hˆ± ≡ aMp
2
h+ ∓ ih×√
2
≡ aMp
2
hL,R , tˆ
± ≡
√
2a
t+ ∓ it×√
2
≡
√
2a tL,R . (3.3)
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The “hatted” variables are canonically normalized. Moreover, the two subsets
{
tˆ+, hˆ+
}
and{
tˆ−, hˆ−
}
are decoupled from each other at the linearized level.
The gauge field modes tˆ± obey the equation
d2
dx2
tˆ± +
1 + 2
(
1 +m2Q
)
x2
∓
2
(
2mQ +
1
mQ
)
x
 t± = 0 , x ≡ −kτ , (3.4)
with negligible corrections from their interaction with the metric modes hˆ±.
Treating the parameter mQ as constant, eq. (3.4) admits an analytic solution in terms
of Whittaker functions [44]. The crucial point is that, as seen from eq. (3.4), the mode
tˆ+ experiences a tachyonic instability for a range of times. The mode function tˆ+ grows
during the unstable regime, and it then oscillates back around zero when this regime is
over. Therefore, the time evolution of the mode function shows a bump associated with this
unstable growth (see Figure 8 of [46]). The bump is very well fitted by a log-normal shape.
In [46], an accurate fitting function is given in the regime mQ < 4 which we are making use
of in the present work as further elaborated in the Appendix C.
|tL(x)| = |tL|peak · e−mQ log
2
(
x
xp
)
, |tL|p ' 8
3
√
mQ e
pi
2
mQ and xp ≡ 4
9
mQ . (3.5)
We found in [46] that using the fitting relation for the bump, rather than the full Whittaker
solution, speeds up considerably the numerical integration necessary to compute the nonlinear
scalar perturbations (see the next section). We verified in [46] that the results obtained with
the fitting relation reproduce very well those obtained with the Whittaker solution.
The enhanced mode tˆ+ sources the metric perturbations hˆ+ at the linear level. 7 An
accurate approximate analytic solution for hˆ+ can also be found in Ref. [44]. As can be seen
from eq. (3.4), an analogous tachyonic growth does not occur for tˆ−. Therefore the mode hˆ−
is not (linearly) sourced, and it remains at the standard “vacuum” value. The generation of
a large chiral GW background is probably the most interesting phenomenological aspect of
this class of models. Ref. [55] provided a very accurate fitting relation for the ratio between
the power of the sourced hˆ+ mode and the GW “vacuum” power spectrum, defined to be the
power in the GW modes in absence of the tˆ+ enhancement (which is approximately twice
the amount of the power spectrum of hˆ−) 8
RGW ≡
P
(s)
h
P
(v)
h
= B
F2
2
, F2 ' e3.6mQ . (3.6)
As long as the sourced scalar perturbations can be neglected, this corresponds to the tensor-
to-scalar ratio
r = rvac (1 +RGW) , if negligible sourced scalar perturbations . (3.7)
7It can can also source a significant amount of scalar perturbations, as we discuss in the next section.
8With this terminology, the “vacuum modes” are the solutions of the homogeneous differential equation
for the metric tensor modes, while the “sourced modes” are the particular solution due to the enhanced tˆ+
mode. We make this clarification, as one could also have denoted as “vacuum modes” the full solutions of the
linearized theory.
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3.2 Scalar sector
Let us now discuss the scalar perturbations of the model. In this sector, the inflaton per-
turbations δφ add up with the scalar perturbations of the CNI fields (where now χ is an
axion different from the inflaton). The number of modes is easily obtained by looking at the
possible “scalar tensorial structures”. Let us provisorily list them as M1, M2, . . . . One has:
• The inflaton perturbation δφ = M1
• The axion perturbation δχ = M2
• 4 modes from the metric: one from δg00 = M3, one from δg0i with tensorial structure
∂iM4; two from δgij , with tensorial structures δijM5 and ∂i∂jM6.
• 4 modes from the Aaµ multiplet: one from δAa0 with tensorial structure ∂aM7, and three
from δAai with tensorial structures δiaM8, ∂a∂iM9, and aib∂bM10.
Some of these modes can be eliminated by gauge fixing. Concerning the CNI sector,
different gauge choices were taken in the studies [43] and [45]. We adopt the convention of
[45], that we also used in [46]. The freedom of general coordinate transformations allows to
eliminate the two modes from δgij , while the SU(2) fixing eliminates one linear combination
of the three modes emerging from δAai . One is left with three non-dynamical modes (the two
modes from the metric, and the mode from δAa0) and 4 dynamical modes.
As in the tensor sector, we can orient the momentum of the modes along the third axis
without loss of generality. We then write the modes as [45].
δg00 = −a2 2Φ , δg03 = a2∂zB ,
δφ =
Φˆ
a
, δχ =
Xˆ
a
δA1µ = (0, δϕ− Z, χ3, 0) ,
δA2µ = (0, −χ3, δϕ− Z, 0) ,
δA3µ =
(
δA30, 0, 0, δϕ+ 2Z
)
, with χ3 = −∂z 2Z + δϕ
2gaQ
, (3.8)
where the final constraint arises from the SU(2) gauge fixing (one should not confuse the
non-dynamical metric perturbation Φ with the rescaled inflaton perturbation Φˆ). The CNI
scalar sector is stable only for mQ >
√
2 [43]. This continues to be true also in the present
model. We define the combinations
Xˆ ≡ a δχ , Zˆ ≡
√
2 (Z − δϕ) , ϕˆ ≡
√
2 +
x2
m2Q
(
δϕ√
2
+
√
2Z
)
, (3.9)
which are the canonical modes of the CNI sector in the absence of metric perturbations.
The nondynamical modes Φ, B, δA30 enter in the quadratic action of the scalar per-
turbations without time derivatives. We integrate these modes out, following the formal
procedure outlined in Section III of [70]. We end up with a rather lengthy action for the
canonical modes, which, in momentum space, is of the type
S =
1
2
∫
dτ d3k
4∑
i,j=1
[
Y
′∗
i CijY
′
j +
(
Y
′∗
i KijYj + h.c.
)
− Y ∗i Ω2ijYj
]
, (3.10)
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Figure 2. Evolution of the scalar perturbations (3.9) obtained from the linearized equations (3.17)
of [46], and with initial conditions (3.19) of the same reference. The parameters in the evolutions are
f˜ = 0.0164, λ = 500, gµ˜2 = 17850. This gives Λ ' 50 and mQ ' 3.46 at N = 50 e-folds of inflation.
where Y =
{
Zˆ, ϕˆ, Xˆ, Φˆ
}
is the array made of the four dynamical modes, while C, K, Ω2
are 4× 4 matrices, which depend on background quantities as well as on the momentum k of
the mode. The matrices C and Ω2 are hermitian, which ensures that the action is real. The
extremization of this action provides the linearized equations of motion for the dynamical
scalar perturbations of the model.
The first three modes in Y are the dynamical modes of the CNI model. In the present
case, the inflaton perturbation adds a fourth component to the multiplet. Let us first discuss
the 3 × 3 restricted system setting the inflaton perturbation to zero (which coincides with
the CNI system). In this case, if we ignore the contributions to the elements of the matrices
in (3.10) that arise from integrating out the metric perturbations (namely, if we set to zero
the metric perturbations by hand), one obtains the set of equations written for instance in
eqs. (3.17) of [46]. As explicitly proven in [43], adding and then integrating out the metric
perturbations provides additional contributions to the matrices C, K, Ω2, and then to the
equation of motions, which are suppressed by higher order of the slow roll parameters with
respect to the leading terms present in eqs. (3.17) of [46]. Therefore, we can ignore these
contributions.
Let us now discuss the effect of adding the inflaton perturbations to the system. The
inflaton couples to the other fields in the model only gravitationally, and so the couplings
between Φˆ (which is also a canonical variable of the system) and the CNI dynamical scalar
perturbations arise only when we integrate out the metric perturbations. We verified that the
inflaton perturbation modifies the equation of motion of the other scalar modes with terms
that are slow roll suppressed. Therefore, the inflaton perturbation modifies the evolution of
the CNI fields only in a negligible manner, in agreement with what already concluded in [55].
In Figure 2 we show the evolution of the CNI modes from the linear theory. The liner
evolution is computed using all the CNI fields, as described above. We see that |Xˆ| is much
greater than the other two modes outside the horizon 9 For this reason, we only studied
the coupling between this mode and the inflaton perturbation Φˆ. Concretely, we set the
perturbations in the system above to zero, 10 except for the canonical perturbation of the
9The super-horizon evolution of ϕˆ and Zˆ is strongly dependent on the axion background value. In the
evolution shown in Figure 2, χ ' f pi
2
has been chosen. A different value for χ results in a different super-
horizon behaviour [45]; in any case, however, the amplitudes of these modes is significantly smaller than that
of Xˆ in the super-horizon regime [45].
10This is done only for the purpose of computing the interaction between the axion and the inflaton pertur-
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inflaton Φˆ, the canonical perturbation of the axion Xˆ and the non dynamical perturbations
of the metric and gauge fields Φ, B, δA30. The resulting action is given in Appendix A. We
integrate out the non-dynamical variables and end up with an action that is contained in
(3.10). Specifically, it contains the terms that are present in (3.10), with the indices i and j
restricted to the third and fourth component:
SXˆΦˆ =
1
2
∫
dτ d3k
4∑
i,j=3
[
Y
′∗
i CijY
′
j +
(
Y
′∗
i KijYj + h.c.
)
− Y ∗i Ω2ijYj
]
. (3.11)
We stress that the matrices C,K,Ω2 are functions of background quantities, and of the
momentum of the mode. In these expressions we assume that the background gauge field
is always at the bottom of its potential by setting Q˙ = 0, in agreement with [16, 55]. In
addition to that, we are using the slow-roll approximated background equations of motion
for the axion and inflaton to eliminate the derivatives of their respective potentials, and we
are eliminating the second derivatives of the potentials by expressing them in terms of ηφ
and ηχ. The resulting expression is only a function of the parameters
λ
f
, g , χ˙ , φ˙ , Q , ηφ , ηχ . (3.12)
This set of parameters can be replaced by the set
Λ , B , E , χ , φ , ηφ , ηχ , (3.13)
defined in the previous section. The use of these parameters allows us to expand the mixed
action in a well organized way, and to extract the terms that are of lowest order in powers
of the slow roll parameters.
The matrix elements entering in (3.11) can be written as ratios of two polynomials of the
physical momentum p of the modes (in each term, the denominator arises from integrating
out the nondynamical variables [70]). We expand the coefficients of these polynomials in
slow roll. Namely, all these entries have exact expressions that are formally of the type
M∑
k=0
ck p
2k
/
N∑
k′=0
ck′ p
2k′ , (3.14)
and we expand each coefficient ck and ck′ in slow roll, keeping only the leading order term
for each coefficient.
From the action (3.11), we are interested in the off-diagonal terms that couple Φˆ with Xˆ.
We note that the Lagrangian in (3.11) can be written in many equivalent ways by adding a
total derivative to it. We remove this arbitrariness by adding a total derivative that removes
the terms that couple the time derivative of the inflaton Φˆ′ to the axion perturbation Xˆ.
Following the above procedure we obtain
Lint =
[
3
√
φχ+
Λ
√
φB
(
10H42B + 9H
2p2BE + p
42E
)
√
2 (2H2B + p2E)
2
]
a2H2 Xˆ (τ) Φˆ∗ (τ)
+
ΛH3
3/2
B
√
φa√
2(2H2B + p2E)
Xˆ ′ (τ) Φˆ∗ (τ) + cc , (3.15)
bations. For the unperturbed mode functions used in our computation (specifically, in eq. (4.2)), and entering
in eqs. (B.6) and (B.7), we employ the solution of the CNI Xˆ scalar from the linearized theory, in which all
the CNI modes are retained.
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where we have disregarded the Xˆ ′Φˆ′ coupling, which is of higher order in slow roll with
respect to the terms just written. In terms of the noncanonical variables, this Lagrangian
gives the interaction Hamiltonian
Hint,χφ = −
∫
d3x
{[
3
√
φχ+
Λ
√
φB
(
12H42B + 10H
2p2BE + p
42E
)
√
2 (2H2B + p2E)
2
]
a4H2 δχ (τ) δφ∗ (τ)
+
ΛH3
3/2
B
√
φa√
2(2H2B + p2E)
δχ′ (τ) δφ∗ (τ) + cc
}
. (3.16)
It is interesting to observe that the first term of the first line corresponds to the standard
coupling between two scalar fields that interact only gravitationally, arising after integrating
out the nondynamical modes of the metric. This is the standard term that one would have
expected, and it is the only term included in previous analyses and / or discussions of the
nonlinearly produced scalar perturbations in this model. Our computation shows that, in
reality, more terms are present. They arise because, besides the metric perturbations, we
have also included and integrated out the nondynamical gauge perturbation δA30. These
additional terms are typically O (102)−O (103) times bigger than the first term.
One can observe this hierarchy as follows: considering the fact that the inflaton is
sourced by the axion mostly in the superhorizon regime, we can set momenta terms to zero.
Then the ratio between the dominant coupling that we have found and the one that has been
considered so far amounts in
O(Λ√B φ)
O(√χ φ) ∼ Λ ·
√
m2QQ
2/M2p
χ˙2/
(
2H2M2p
) ∼ Λ2  1 , (3.17)
where eqs. (2.7), (2.10), and (2.11) have been employed. The strong hierarchy between these
two slow-roll parameters can be also observed in Figure 2 of [55].
4 A specific nonlinear interaction
Eq. (3.16) encodes the interactions between the inflaton perturbations and the perturbations
of the axion. Through these interactions, the axion modes source the inflaton perturbations,
as diagrammatically shown in the second and third diagram of Figure 1 for the two-point
function.
We can actually disregard the contribution corresponding to the second diagram of
Figure 1. Ref. [55] studied that contribution, and obtained a ratio of about 10−5 between
the amplitude of the δφ modes obtained from that diagram and the vacuum modes. We recall
that this result was obtained using only the first term in eq. (3.16), and that the remaining
terms are about O (102)−O (103) times bigger. The amplitude δφ scales linearly with this
coupling, so, when we account for the increase due to the full set of terms in (3.16) we still
find a highly subdominant contribution from this diagram. For this reason, we disregard it
from now on.
In this section we instead compute the contribution of the third diagram of Figure
1, in which the inflaton perturbation is sourced by the axion perturbation (through eq.
(3.15)), which is enhanced by its nonlinear interaction with the unstable tL tensor mode. We
stress that, as mentioned in the previous section, by looking only at this coupling we are
disregarding two of the dynamical scalar perturbations of the CNI sector. We believe that
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the coupling considered here is the dominant one (for the reasons mentioned in the previous
section). We, at the very least, consider the result obtained in this way as a lower bound on
the amplitude of the sourced inflaton perturbation. For an exact computation, one should
include all the cubic interactions between the scalar fields and the tL modes as well as all the
linear couplings between all the scalar fields in Yi. It would be hard to imagine that these
additional contributions would precisely cancel the contribution that we compute here.
For the computation, we also need the δχ tL tL interaction. This is given by [46]
Hint,χ tt = −λ
f
∫
d3x
{
δχ
[g
2
(aQtabtab)
′ − ijkt′ai∂jtak
]
+
[
g2a2Q2
−∂2 + 2g2a2Q2 δχ
]
∂j
(
ijkt′iatak
)}
.
(4.1)
In Appendix B we re-write the two interaction terms (3.16) and (4.1) in momentum
space. We use these expressions to evaluate the third diagram of Figure 1 via the in-in
formalism
δ
〈
δφ
(
τ,~k1
)
δφ
(
τ,~k2
)〉
=
∫ τ
−∞
dτ1
∫ τ1
−∞
dτ2
∫ τ2
−∞
dτ3
∫ τ3
−∞
dτ4
×
{〈[[[[
δφ(0)
(
τ,~k1
)
δφ(0)
(
τ,~k2
)
, Hint,χφ (τ1)
]
, Hint,χφ (τ2)
]
, Hint,χ tt (τ3)
]
, Hint,χ tt (τ4)
]〉
+
〈[[[[
δφ(0)
(
τ,~k1
)
δφ(0)
(
τ,~k2
)
, Hint,χφ (τ1)
]
, Hint,χ tt (τ2)
]
, Hint,χφ (τ3)
]
, Hint,χ tt (τ4)
]〉
+
〈[[[[
δφ(0)
(
τ,~k1
)
δφ(0)
(
τ,~k2
)
, Hint,χφ (τ1)
]
, Hint,χ tt (τ2)
]
, Hint,χ tt (τ3)
]
, Hint,χφ (τ4)
]〉}
,
(4.2)
where the suffix ”(0)” remarks that the mode functions entering at the right hand side are
the ”unperturbed” ones, namely those obtained in the linear theory presented in the previous
section. For brevity we omit this suffix from now on.
We note that the the three terms in eq. (4.2) correspond to all possible permutations
of the two interactions (subject to the fact that the innermost term must be Hint,χφ). We
expect that the final result is dominated by the first term, for the reason that we now explain.
The origin of the large correction that we obtain from (4.2) is the tachyonic growth of the
tensor modes tL. These are the modes that source the axion, and, eventually, the inflaton
perturbations. We note that the integration extrema enforce τ4 ≤ τ3 ≤ τ2 ≤ τ1 ≤ τ . In the
first term, the tensor modes are evaluated at the two earliest times τ3 and τ4. This corresponds
to a greater overall integration region for which the tensor modes are first enhanced, and then
source the scalar perturbations. A numerical evaluation of the three terms indeed confirmed
that the contribution from the second and third term is negligible with respect to the one
from the first term. Therefore, only the first term is kept in the results presented below.
In the numerical evaluations, it is convenient to express the unperturbed modes in terms
of the dimensionless mode functions X˜c and t˜c, defined through
δφ (τ, k) ≡ 1√
2k
Φ˜ (x)
a(τ)
, δχ (τ, k) ≡
√
1 +m2Q√
2k
X˜c (x)
a (τ)
, tk,L (τ) ≡ t˜L (x)√
2k
. (4.3)
They correspond to the canonically normalized variables, times
√
2k. Therefore, their initial
amplitude is 1 (see [46] for a discussion of the proper normalization of the δχ mode), and
they are function of the dimensionless quantity x ≡ −kτ .
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We are interested in the ratio between this nonlinear contribution to the power spectrum
and the linear term
Rδφ ≡ δPφ (τ, k)
Pφ (τ, k)
=
δ
〈
δφ
(
τ, ~k1
)
δφ
(
τ, ~k2
)〉′
〈
δφ
(
τ, ~k1
)
δφ
(
τ, ~k2
)〉′ , (4.4)
where the prime on the left hand side denotes the correlator without the corresponding
δ
(
~k1 + ~k2
)
function. The explicit expression for the ratio is evaluated in Appendix B, where
we find
Rδφ =
∫ x
∞
dx1
∫ x1
∞
dx2
∫ x2
∞
dx3
∫ x3
∞
dx4
∫
d3q1d
3q2
(2pi)3
(qˆ1 · qˆ2 − 1)4
16q1q2
δ(3)
(
kˆ1 + ~q1 + ~q2
)
×F (x, x1, x2, x3, x4, q1, q2) , (4.5)
where we have introduced xi ≡ −k1τi, qi ≡ pik1 , as well as the real function
F (x, x1, x2, x3, x4, q1, q2) ≡
H2φ
(
1 +m2Q
)2
16M2p |Φ˜ (x) |2
1
x31x
3
2
×
[6√2
mQ
(
1 +m2Q
)− √2m3QΛ2 x1[
x21 + 2m
2
Q
] d
dx1χ
+
√
2mQΛ
2
[
x41 + 10m
2
Qx
2
1 + 12m
4
Q
]
[
x21 + 2m
2
Q
]2 ]
×
[6√2
mQ
(
1 +m2Q
)− √2m3QΛ2 x2[
x22 + 2m
2
Q
] d
dx2χ
+
√
2mQΛ
2
[
x42 + 10m
2
Qx
2
2 + 12m
4
Q
]
[
x22 + 2m
2
Q
]2 ]
×
{
i x1χx2χ
[
Φ˜ (x) Φ˜∗ (x1)− Φ˜∗ (x) Φ˜ (x1)
] [
Φ˜ (x) Φ˜∗ (x2)− Φ˜∗ (x) Φ˜ (x2)
]
×
[
X˜c (x2χ) X˜
∗
c (x3)− X˜∗c (x2χ) X˜c (x3)
]
Im
[
X˜c (x1χ) X˜
∗
c (x4)
W(x3, x4, q2, q3) +W(x3, x4, q3, q2)
2
]
+ (x1 ↔ x2)
}∣∣∣
x1χ=x1, x2χ=x2
. (4.6)
In this expression we have symmetrized over the two internal momenta q1 and q2, and
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we have introduced the quantity
W(x3, x4, q1, q2) ≡
{
m2Q
x3x4
t˜L (q1x3) t˜
∗
L (q1x4) t˜L (q2x3) t˜
∗
L (q2x4)
+2q2
[
mQ − q1x3 +
x3m
2
Q
x23 + 2m
2
Q
(q1 − q2)
]
t˜L (q1x3) t˜
∗
L (q1x4)
×
{
q2
[
mQ − q1x4 +
x4m
2
Q
x24 + 2m
2
Q
(q1 − q2)
]
t˜′L (q2x3) t˜
′∗
L (q2x4)−
mQ
x4
t˜′L (q2x3) t˜
∗
L (q2x4)
}
+2q2
[
mQ − q1x4 +
x4m
2
Q
x24 + 2m
2
Q
(q1 − q2)
]
t˜L (q2x3) t˜
′∗
L (q2x4)
×
{
q1
[
mQ − q2x3 +
x3m
2
Q
x23 + 2m
2
Q
(q2 − q1)
]
t˜′L (q1x3) t˜
∗
L (q1x4)−
mQ
x3
t˜L (q1x3) t˜
∗
L (q1x4)
}}
.
(4.7)
We exploit the Dirac δ−function present in (4.5) to perform the integration over d3q2.
We use polar coordinates for the remaining d3q1 integration, using a coordinate system for
which the external vector ~k1 is oriented along the third axis. In this way, the
∫
dφ integration
is trivial, while the
∫
dθ integration can be traded back for an integration over q2 (using the
identity q22 = 1 + q
2
1 + 2q1 cos θ, which is enforced by the Dirac δ−function). In this way, we
are left with a
∫
dq1dq2 integration. We further change variables
X ≡ q1 + q2√
2
, Y ≡ q1 − q2√
2
, (4.8)
In terms of which the integral becomes
Rδφ = 1
8 (2pi)2
∫ x
∞
dx1
∫ x1
∞
dx2
∫ x2
∞
dx3
∫ x3
∞
dx4
∫ ∞
1√
2
dX
∫ 1√
2
0
dY
×
(
1− 2X2
X2 − Y 2
)4
F
(
x, x1, x2, x3, x4,
X + Y√
2
,
X − Y√
2
)
. (4.9)
This expression is ready to be integrated. We want to evaluate the ratio on super-
horizon scales, at the moment in which the axion stops sourcing the inflaton perturbations.
As we discuss in the next section, we consider the two separate cases in which the production
lasts for, respectively, 50 and 10 e-folds in the super-horizon regime. This corresponds,
respectively, to ln x ∼ −50 and −10, or, respectively, x ' 2 · 10−22 and 5 · 10−5.
The result of the integral grows logarithmically with respect to the external time, namely
Rδφ ∝ ln2 x. This emerges clearly from the analytical study that we present in Appendix
C. This happens because the inflaton perturbation keeps being sourced, while in the super-
horizon regime, by the mode δχ. We note that this also happens in the U(1) version of this
model [68], in which the inflaton is coupled gravitationally to an axion, that is sourced by
an unstable U(1) vector mode. Our numerical evaluations of (4.9), performed in the range
10−5 <∼ x <∼ 10−1 are in excellent agreement with this scaling (see Figure 5 below).
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5 Constraints, Results and Phenomenology
In this section, we will combine the results obtained in Section 4 and in Appendix C with
different constraints to probe the available parameter space of the model (2.1).
5.1 Constraints
We can impose several constraints on the model (2.1) to ensure that it is consistent with
the current data and that it can reveal its characteristic phenomenology in (near) future
experiments.
• This model aims at challenging the robustness of the one-to-one relation (1.1) between
the energy scale of inflation and the GWs spectrum (that assumed vacuum GWs) by
producing a large amount of additional sourced GWs. (See the footnote before eq.
(3.6) for the precise distinction between the vacuum and the sourced term.) To violate
this relation in a sizeable manner, we must request RGW ≡ P sgw/P vgw >∼ 1. We reflect
this condition in our figures by excluding the regions which have RGW < 1, such that
non-vacuum GWs always dominate over the vacuum ones.
The ratio of sourced GWs to vacuum GWs is estimated as [55, 69]
RGW ' BF
2
2
, with F2 ' e3.6mQ , B =
m4Q
g2
H2
M2p
=
m4Q
g2
pi2
2
rvacPζ . (5.1)
• The copious production of tensor degrees of freedom results in back-reaction in equa-
tions of motion of the axion, gauge field and the expansion rate of the inflationary
universe [55, 69]. The most important backreaction effect is on the last of eqs. (2.5),
where the produced tensor modes add the additional term [55, 69]
T QBR =
gH3 ξ
12pi2
[
B (mQ)− B˜ (mQ) /ξ
]
, (5.2)
(with the correction of a typo appearing in [55]), where ξ ≡ mQ +m−1Q , and where the
functions B and B˜ are given in eq. (5.6) below.
With this contribution, the last of eqs. (2.5) can be written as
Q¨+ 3HQ˙+ H˙ Q+ Veff (Q) + T QBR = 0 , (5.3)
where we introduced the “effective potential”
Veff (Q) ≡ 2H2Q
(
1 +m2Q
)− g Q2 λχ˙
f
. (5.4)
Ref. [55] imposed that backreaction is negligible by requiring that T QBR is smaller (in
absolute value) than the last term in the effective potential. Doing so, one obtains the
condition gH
3 ξ
12pi2
[
B (mQ)− B˜ (mQ) /ξ
]
 gQ2 λχ˙f . Using the second of (2.11) one can
then immediately write [55] g 
(
24pi2m2Q
B−B˜/ξ
)1/2
. However, the value for χ˙ given in (2.11)
generates a cancellation among the terms in the effective potential, and it is therefore
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safer to demand [47] that T QBR should be smaller than the smallest term in it. 11 This
results in the stronger constraint
g 
 24pi2
B (mQ)− B˜ (mQ) /ξ
1
1 + 1
m2Q
1/2 , (5.5)
which is essentially stronger by a factor 1mQ than the one imposed in [55].
To evaluate the relation (5.5), we recall the definition of B and of B˜ from [55]
B ≡
∫ xmax
xmin
dxx
∣∣i−αWα,β(2ix)∣∣2 , B˜ ≡ ∫ xmax
xmin
dxx2
∣∣i−αWα,β(2ix)∣∣2 . (5.6)
The extrema of integration xmax/min = mQ + ξ ±
√
m2Q + ξ
2 are the values between
which the tensor mode of the gauge field is tachyonic. We numerically fit the first
denominator of the expression (5.5) and found
(
B − B˜/ξ
)
' 2.3 ·e3.9mQ . We then used
it to evaluate the constraint (5.5).
• One also requires that loop corrections to the adiabatic curvature perturbations that we
computed in this work are significantly smaller than the vacuum ones. For definiteness,
we require that
Rδφ ≡ 〈δφ
(s) δφ(s)〉
〈δφ(v) δφ(v)〉 < 0.1 , (5.7)
where δφ(s) indicating the sourced fluctuations that results from quantum loop cor-
rections, while δφ(v) indicating the linear result. There are two reasons for imposing
the bound (5.7). Firstly, we impose it so that the total tensor-to-scalar ratio is not
decreased by the additional inflaton perturbations. Secondly, even if we did not per-
form this computation here, we expect the sourced modes to be highly non-Gaussian,
so that, if they dominate, they would violate the strong limits on non-Gaussianity of
the observed primordial perturbations [71]. Based on the results from the abelian case
[18], we expect that the sourced perturbations are highly non-Gaussian, with a shape
peaked in the equilateral configuration. For the following consideration, let us assume
that the amplitude of non-Gaussianity obtained in the present context is comparable
to that obtained in the abelian case, for which the value of the nonlinear parameter of
the sourced modes alone was found to be fNL,sourced = O
(
104
)
[18]. This amplitude is
“diluted” by the vacuum modes (which have a negligible deviation from Gaussianity),
if we assume them to dominate the inflaton two-point function. In this case, the ob-
served fNL scales as R2δφ×fNL,sourced. Therefore, the current (2σ) bound on equilateral
non-Gaussianity, fNL,equil <∼ O (100) [71], leads to the condition (5.7) written above.
While a more precise bound awaits a detailed computation of
〈
δφ(s)3
〉
in this model,
we believe that the condition (5.7) is a reasonable one as an order of magnitude bound.
• The recent Planck/BICEP 2 / KECK Array results constrain the tensor-to-scalar-ratio
as r < 0.06 [72]. This limit assumes the standard nt = −r/8 relation between the tensor
tilt and the tensor-to-scalar ratio, that might be violated in the present context. Ref.
11We are indebted to Azadeh Maleknejad for private communications on this issue.
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[74] studied how the limit on r relaxes when nt is allowed to vary. We do not expect a
large variation of nt in the present model, since mQ (which controls the sourced tensor
modes) is nearly constant at CMB scales [55]. For this reason we continue to apply the
limit of [72], which assumes a very small nt.
• Next generation CMB experiments are expected to measure tensor-to-scalar ratio with
s(r) >∼ 10−3 [73], where s2 is the variance of the measurement. Therefore, we impose
that the total tensor-to-scalar ratio satisfies
r = rvac (1 +RGW) > 10−3 , (5.8)
where we disregarded the contributions of the nonlinear scalar perturbations, under the
assumption of Rδφ < 0.1.
5.2 Results and Phenomenology
In this subsection, we combine the constraints discussed in the previous subsection with our
result for the quantum loop corrections to the inflaton fluctuations
Rδφ ' 5 · 10
−12(
1 + Bφ
)2 e7mQ m11Q N2k r2vac . (5.9)
This result, derived in Appendix C, is based on a semi-analytic fit (valid in the 2.5 ≤ mQ ≤ 3.5
range) to the numerical results. Figures 5 and 6 confirm that this result accurately reproduces
the values obtained from the numerical evaluation of eq. (4.9). The factor Nk is the number
of e-folds during inflation during which the background axion rolls. As discussed at the
end of the previous section, during this period the models δχ acts a source for the inflaton
perturbation δφ. We assume that the axion reaches the minimum of its potential before the
end of inflation. This ensures that the direct contribution of δχ to the curvature perturbation
ζ is negligible with respect to that of δφ. We discuss this in Appendix E, where we follow a
similar study performed in [66]. We present our results under the two different assumptions:
(i) the axion rolls for 50 e-folds after the CMB modes are produced, and (ii) it runs for
only 10 e-folds (after the CMB modes are produced). The first case results in a greater δφ
production, since the field δχ acts as a source for the inflaton modes while χ is light.
To study the impact of our result (5.9), we first understand the relevant region of
parameter space where we need to focus our attention. In Appendix F we obtained the slow
roll expression
Pζ ' g
2
8pi2m4Q
φB
(φ + B)
2 , (5.10)
for the scalar power spectrum. We use this expression, and the measured value Pζ,measured =
2.1 · 10−9 [74], to relate the ratio Bφ to the other parameters of the model
B
φ
=

r− ≡ A− 1−
√
A2 − 2A
r+ ≡ A− 1 +
√
A2 − 2A
, A ≡ g
2
16pi2Pζ,measuredm
4
Q
. (5.11)
These two solutions exist for A ≥ 2, and they satisfy 0 < r− ≤ 1 and r+ ≥ 1 (where
r− = r+ = 1 corresponds to A = 2; in the limit of very large A, one finds r− ' 12A and
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Figure 3. Condition on the parameters of the model, before studying the impact of our result (5.9).
The blue dashed line is the second condition in (5.12), which, ultimately, selects the region where
the model parameters allow to set the scalar power spectrum to its measured value. The black solid
line is the backreaction limit (5.5). Finally, the Green dotted line is a necessary condition to have a
greater amount of sourced vs. vacuum GW. The region in white satisfies these three requirements.
r+ ' 2A). For any fixed g, the condition A ≥ 2 results in an upper bound on mQ. Together
with the mQ >
√
2 bound [43], the allowed interval for mQ is
√
2 < mQ ≤
(
g2
32pi2 Pζ,measured
)1/4
' 35√g , (5.12)
where the last approximate equality has been obtained using the measured value Pζ,measured =
2.1 · 10−9 [74]. We see that the allowed interval for mQ is not empty only for g & 1.6 · 10−3.
As we now show, we can actually obtain a more stringent interval on g, and on mQ, by
combining the condition g >∼
(mQ
35
)2
that we have just obtained, with the lower limit (5.5)
on g imposed by back reaction, and with the relation
g <∼ 1.8 · 10−5m2Q e1.8mQ , necessary for RGW >∼ 1 . (5.13)
This relation is obtained by maximizing the ratio (5.1), by setting rvac to its largest possible
value (0.06). The combination of these conditions is shown in Figure 3. We see that 0.0037 <∼
g <∼ 0.031 and 2.1 <∼ mQ <∼ 3.5 in this region.
With this in mind, we can present our results in the mQ− rvac plane, for the fixed value
g = 10−2 that lies towards the middle of the allowed (white) region in Figure 3. Consistently
with the results shown in Figure 3, we focus on the interval 2.5 ≤ mQ ≤ 3.5, and we consider
the two branches of eq. (5.11), namely Bφ = r− (for which φ > B) and
B
φ
= r+ (for which
B > φ). The two branches are shown, respectively, in the left and right panels of Figure 4.
Let us now discuss the various lines present in these two panels. The red solid and dashed
lines correspond to Rδφ = 0.1 in the case of, respectively, Nk = 10 and Nk = 50. The regions
above these lines are excluded due to the overproduction of sourced scalar perturbations. The
green solid line corresponds to RGW = 1. The region below this line is disregarded since the
phenomenological interest in this model is the significant production of sourced chiral GWs.
The dotted black line indicated with rlim, indicates the most recent experimental bound on
the tensor-to-scalar-ratio, rlim = 0.06 [72]. This excludes the region above this line. The
dotted blue line indicates r = 0.01; this is not a current constraint, and we only show it as a
reference line to guide the eye. The dotted purple line indicates r = 10−3, which is the best
sensitivity that the next generation CMB experiments are expected to reach [73].
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Figure 4. Parameter space of the spectator CNI model with various constraints. Various regions of
the parameter space are ruled out or are phenomenologically disfavoured due to different constraints
such as Rδφ < 0.1, RGW > 1, 10−3 < r < 0.06. The origin and the corresponding expressions for
these constraints are given in the Subsection 5.1.
From the two panels presented we can observe that the simultaneous requirement
RGW > 1 and Rδφ < 0.1 rules out all of the parameter space for the red dashed line
which corresponds to Nk = 50. For the case Nk = 10 there is a small region of parameter
space in the right panel that is compatible with the constraints imposed. We recall that in
this panel the branch Bφ > 1 is considered. We see from eq. (5.9) that, at equal value of rvac,
having B greater than φ corresponds to a smaller value of Rδφ, which ultimately results in
the presence of an allowed region for Nk = 10 in this branch.
We also studied other values of g in the allowed region 0.0037 <∼ g <∼ 0.031 shown in
Figure 3. These leads to very similar results to those presented in Figure 4 (for this reason,
we do not present them here). For all these cases, a narrow region of parameters is allowed
only for Nk = 10 and for the
B
φ
> 1 branch.
6 Conclusions
This work is a step towards the full understanding of the phenomenology of an interesting
class of inflationary models based on the mechanism of Chromo-Natural Inflation (CNI) [16].
In this mechanism, an SU(2) triplet with a nonvanishing vacuum expectation value backreacts
on the evolution for the inflaton, directly coupled to the triplet via the axial interaction χFF˜ .
This allows for a slow roll evolution of the inflaton even if the potential is too steep to allow
for inflation in absence of the vector field. The linearized study of the perturbations of this
model showed that one SU(2) mode becomes unstable in an intermediate range of momenta
(shortly after horizon crossing). This mode transforms as a rank 2 tensor under a combination
of spacial rotations and SU(2) transformations that leaves the background and the gauge fields
vev unaffected, and it is therefore coupled to tensor metric perturbations at the linearized
level. This results in a strong enhancement of one polarization of the GW signal of one
definite polarization (depending on whether χ˙ is positive or negative during inflation; this
motion of the axion is the - spontaneous - origin of CP breaking in these models). While the
original CNI model is now ruled out by the phenomenology of the (linearized) perturbations,
several variants have been proposed in the literature that use the same mechanism and that
appear to be compatible with data. In this work we studied the phenomenology of the
spectator CNI model of [55], in which the inflaton is a different scalar field that is coupled
only gravitationally to the CNI sector.
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The fact that the unstable mode tL is linearly coupled to the tensor modes but not
to the scalar perturbations suggests the possibility that these models might have enhanced
tensor perturbations, without a corresponding increase of the scalar modes. In this sense the
situation appears to improve over the one encountered in the case of an axion coupled to a
U(1) field, in which the tensor mode production (sourced at the nonlinear level by the vector
fields generated by the rolling axion) typically reaches an interesting level only for couplings
that are anyhow ruled out by the overproduction of non-Gaussian scalar perturbations [18],
with the possible exception of very special constructions [68] in which the axion is different
from the inflaton, and rolls only for a limited number of e-folds during inflation.
This conclusion, however, does not account for the inflaton perturbations that can be
produced at the nonlinear level by the tL mode. The power spectrum of these nonlinear
scalar perturbations was computed only recently in the CNI model [46], where it was shown
that these perturbations can be greater than the ones obtained by the linearized theory for
a wide range of parameters. In this work we have repeated the same computation for the
spectator model of [55]. Let us for a moment consider a model of only two scalar fields χ
and φ that are coupled to each other only gravitationally, and that are slowly rolling. The
perturbations of these two fields are coupled to each other via an
√
χ φH
2δχδφ interaction,
where χ,φ are the two standard slow-roll parameters associated to the motion of the fields.
If the coupling between the of the perturbations of the CNI axion and of the inflaton was
also of this type, one could conclude that the inflaton perturbations are sufficiently screened
by the instability of the CNI sector. However, the perturbations of the CNI sector behave
very differently from those of a single scalar field. This results in a greater coupling between
the inflaton perturbations and the CNI sector, see eq. (3.16) and the following discussion.
This realization motivated the present work.
Evaluating the nonlinear scalar perturbations requires extensive numerical computa-
tions. However, our earlier study of the CNI axion perturbations [46], and the fact that the
inflaton modes are mostly sourced in the super-horizon regime, makes it possible to obtain
a very simple semi-analytical formula for the produced modes. This formula, eq. (5.9), is
based on the analytic knowledge of the mode function solutions for the CNI linearized per-
turbations, and on fits of the integrals involved in the loop computation. Remarkably, the
scalar perturbations in the CNI sector are mostly controlled by a single parameter mQ, that
is parametrically related to the ratio between the mass of the fluctuations of the vector field
and the Hubble rate H, and that, in the large mQ regime, coincides with the parameter ξ
responsible for the gauge field production in the U(1) case. The effect of these modes on the
inflaton perturbations are then controlled by four additional parameters: the gauge coupling
g in the CNI sector, the Hubble rate during inflation, the ratio of the two slow roll parameters
B
φ
and the number of e-folds during which the CNI axion rolled during inflation.
To understand the acceptable range of values for the gauge coupling we imposed a num-
ber of constraints which appear in Figure 3, namely i) that the ratio between the sourced GW
mode and the one that is not sourced is significantly greater than one (so that the mechanism
characteristic of CNI is at work), ii) that the backreaction of the unstable modes are negligi-
ble in the background equations and iii) that the power spectrum of scalar perturbations is
normalized to the measured value.
For definiteness, we fixed the number of e-folds for which the CNI axion rolls to either
Nk = 10 or Nk = 50, and we showed results for one value of the gauge coupling g, namely
10−2. By an educated guess of the amount of scalar non-Gaussianity produced in this model
we imposed that the ratio Rδφ between the nonlinear and the linear scalar perturbations
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should be smaller than about 0.1. We also imposed that the total tensor-to-scalar ratio is
smaller than the current bound [72] and greater than 10−3 (so that the GWs can be measured
in the reasonably near future [73]). The set of constraints define the phenomenologically
favoured region of parameter space for the model, that is illustrated in Figure 4. We see that
only a very small portion of the parameter space in the model respects all these requirements
and only a small duration of axion rolling is allowed as in the U(1) case [68]. An identical
result is obtained for other values of g in the allowed 0.0037 <∼ g <∼ 0.031 range.
An immediate impact of our results on the recent literature is in the computation
of mixed scalar-tensor correlators performed for the model of [55]. The additional, and
dominant, couplings present in (3.16) result in an increased of the amplitude of the scalar
modes, and so of the correlators.
We conclude by mentioning two less immediate additional computations that we believe
should be performed to complete the results presented here. Firstly, the CNI model has three
dynamical scalar perturbations. We only considered the coupling between the one originating
from the axion field (in the specific gauge considered here) and the inflaton. This is motivated
by the fact that the mode we have included is much greater than the other two in the super-
horizon regime, which is where the inflaton mode is mostly sourced. We do not expect
that the inclusion of other perturbations will change the order of magnitude of the results
presented here. In particular, it is hard to imagine that the inclusion of additional couplings
would lead to a decreased production. 12 However, this should be checked. Secondly, we
expect the sourced inflaton perturbations to be highly non-Gaussian, as in the corresponding
abelian case [18]. The amount of non-Gaussianity obtained in that case led us to impose
the bound Rδφ <∼ 0.1 as an order of magnitude limit on the sourced scalar perturbations.
However, a full computation is needed in order to obtain a more precise bound. We hope to
return to these issues in future work.
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A δφ− δχ interaction lagrangian
We follow the formalism of [70]. The quadratic action for the scalar perturbations is of the
form
S =
∫
d3k dτ
[
aijD
∗′
i D
′
j +
(
bijN
∗
i D
′
j + h.c.
)
+ cijN
∗
i Nj +
(
dijD
∗′
i Dj + h.c.
)
+eijD
∗
iDj + (fijN
∗
i Dj + h.c.)
]
. (A.1)
12 This appears to be confirmed by the findings of [66], that included all the scalar perturbations in the
computation of the tree level 〈δφ t t〉 correlator, without finding a strong change with respect to a diagram in
which only δχ is included (this argument is independent of the different δφ − δχ coupling considered in [66]
and in the present work).
– 21 –
The vector D contains the dynamical perturbations while the vector N contains the
non-dynamical perturbations,
D ≡
(
Xˆ
Φˆ
)
, N ≡
δA30Φ
B
 . (A.2)
Under the above conventions the matrices aij , . . . , fij read
a =
(
1
2 0
0 12
)
, b =
 0 0−12aχ′ −12aφ′
0 0
 ,
c =

k2
2 + g
2 (aQ)2 12 ik
d
dτ (aQ) ig
2k (aQ)3
−12 ik ddτ (aQ) 12
[
(−6M2p + 3Q2)a′2 + 6aQa′Q′ + a2(3Q′2 + φ′2 + χ′2)
]
k2M2pa a
′
−ig2k (aQ)3 k2M2pa a′ g2k2 (aQ)4
 ,
d =
(− a′2a 0
0 − a′2a
)
, e =
(
−k22 + a
′2
2a2
− 12a2 d
2U
dχ2
0
0 −k22 + a
′2
2a2
− 12a2 d
2V
dφ2
)
,
f =

igkλaQ2
2f 0
1
2
(
a′χ′ − a3 dUdχ
)
1
2
(
a′φ′ − a3 dVdφ
)
−12k2aχ′ −12k2aφ′
 . (A.3)
Integrating out the non dynamical variables results in an action that is formally of the
type (3.11), where the matrices C,K,Ω2 are related to the matrices aij , . . . , fij by
C2+i 2+j ≡ aij −
(
b†
)
ik
(
c−1
)
km
bmj ,
K2+i 2+j ≡ dij −
(
b†
)
ik
(
c−1
)
km
fmj ,
Ω22+i 2+j ≡ −eij +
(
f †
)
ik
(
c−1
)
km
bmj , (A.4)
and also Y2+i 2+j = Dij .
B Evaluation of δ 〈δφ2〉 through the in-in formalism
In this Appendix we present the derivation of eq. (4.5), starting from eqs. (4.1), (B.3) and
(4.2). We decompose the inflaton, axion and the tensor perturbations as
δφ =
∫
d3k
(2pi)3/2
ei
~k·~x δφ(0)
(
τ,~k
)
, δφ(0)(τ,~k) = δφk (τ) a
(
~k
)
+ δφ∗k (τ) a
†
(
−~k
)
,
δχ =
∫
d3k
(2pi)3/2
ei
~k·~x δχ(0)
(
τ,~k
)
, δχ(0)(τ,~k) = δχk (τ) a
(
~k
)
+ δχ∗k (τ) a
†
(
−~k
)
,
tab =
∫
d3k
(2pi)3/2
ei
~k·~x ∑
λ=±1
Π∗ab,λ
(
kˆ
)
tλ
(
τ, ~k
)
, tλ
(
τ, ~k
)
= tλ,k (τ) aλ
(
~k
)
+ t∗λ,k (τ) a
†
λ
(
−~k
)
.
(B.1)
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The annihilation / creation operators satisfy the nonvanishing relations
[
aχ
(
~k
)
, a†χ
(
~k′
)]
=
δ(3)
(
~k − ~k′
)
, and analogously for φ, and
[
aλ
(
~k
)
, a†λ′
(
~k′
)]
= δ(3)
(
~k − ~k′
)
δλλ′ . The sum
in the last line is over the left L (λ = +1) and right R (λ = −1) handed helicities. The
transverse, traceless, and symmetric tensor operators can be written as
Πab,λ
∗
(
kˆ
)
≡ a,λ
(
kˆ
)
b,λ
(
kˆ
)
, (B.2)
where the vector circular polarization operators satisfy ~k·~λ
(
kˆ
)
= 0, ~k×~λ
(
kˆ
)
= −iλk~λ
(
kˆ
)
,
~λ
(
−kˆ
)
= ~ ∗λ
(
kˆ
)
, ~ ∗λ
(
kˆ
)
·~λ′
(
kˆ
)
= δλλ′ , in addition to ~+
(
kˆ
)
·~+
(
kˆ
)
= ~−
(
kˆ
)
·~−
(
kˆ
)
=
0. Thanks to these properties, the mode functions t± are canonically normalized, and coin-
cide with those introduced in eq. (3.3), see [46] for the explicit check. In the following, we
only consider the enhanced tL mode, and therefore keep only the term λ = +1 in eq. (B.1).
Keeping all this into account, the two interaction Hamiltonian (3.16) and (4.1) can be
written as
Hint,χφ(τ) = −
∫
d3k
√
φ a
4
[
6H2
√
χ +
√
2g3λaQ5
fMp (k2 + 2g2a2Q2)
d
dτχ
+
√
2gHλQ3
(
k4 + 10g2k2a2Q2 + 12g4Q4a4
)
fMp (k2 + 2g2a2Q2)
2
]
δχ(0)
(
τχ,~k
)
δφ(0)
(
τ,−~k
) ∣∣∣
τχ=τ
,
(B.3)
and
Hint,χ tt (τ) = − λ
2f
∫
d3p1d
3p2
(2pi)3/2
[~+ (pˆ1) · ~+ (pˆ2)]2
{[
gaQ− p2 + g
2a2Q2
|~p1 + ~p2|2 + 2g2a2Q2 (p2 − p1)
]
∂τ ′
+
[
gaQ− p1 + g
2a2Q2
|~p1 + ~p2|2 + 2g2a2Q2 (p1 − p2)
]
∂τ ′′ + g (aQ)
′
}
×δχ(0) (τ, −~p1 − ~p2) tˆ+
(
τ ′, ~p1
)
tˆ+
(
τ ′′, ~p2
) ∣∣∣
τ ′=τ ′′=τ
. (B.4)
After neglecting the last two permutations of the Hamiltonian terms (see the discussion
after eq. (4.2) in the main text), the correction (4.2) to the inflaton 2−point function acquires
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the form
∫ τ
−∞
dτ1
∫ τ1
−∞
dτ2
∫ τ2
−∞
dτ3
∫ τ3
−∞
dτ4
×
∫
d3p1
√
φ a(τ1)
4
[
6H2
√
χ +
√
2g3λa(τ1)Q
5
fMp
[
p21 + 2g
2a(τ1)2Q2
] d
dτ1χ
+
√
2gHλQ3
[
p41 + 10g
2p21a(τ1)
2Q2 + 12g4a(τ1)
4Q4
]
fMp
[
p21 + 2g
2a(τ1)2Q2
]2 ]
×
∫
d3p6
√
φ a(τ2)
4
[
6H2
√
χ +
√
2g3λa(τ2)Q
5
fMp
[
p26 + 2g
2a(τ2)2Q2
] d
dτ2χ
+
√
2gHλQ3
[
p46 + 10g
2p26a(τ2)
2Q2 + 12g4a(τ2)
4Q4
]
fMp
[
p26 + 2g
2a(τ2)2Q2
]2 ]
× λ
2f
∫
d3p2d
3p3
(2pi)3/2
[~+ (pˆ2) · ~+ (pˆ3)]2
{[
ga(τ3)Q− p3 + g
2a(τ3)
2Q2
|~p2 + ~p3|2 + 2g2a(τ3)2Q2 (p3 − p2)
]
∂τ ′3
+
[
ga(τ3)Q− p2 + g
2a(τ3)
2Q2
|~p2 + ~p3|2 + 2g2a(τ3)2Q2 (p2 − p3)
]
∂τ ′′3 + g [a(τ3)Q]
′
}
× λ
2f
∫
d3p4d
3p5
(2pi)3/2
[~+ (pˆ4) · ~+ (pˆ5)]2
{[
ga(τ4)Q− p5 + g
2a(τ4)
2Q2
|~p4 + ~p5|2 + 2g2a(τ4)2Q2 (p5 − p4)
]
∂τ ′4
+
[
ga(τ4)Q− p4 + g
2a(τ4)
2Q2
|~p4 + ~p5|2 + 2g2a(τ4)2Q2 (p4 − p5)
]
∂τ ′′4 + g [a(τ4)Q]
′
}
×2
{
Gφ (τ, τ1; k1) Gφ (τ, τ2; k2) δ
(3)
(
~k1 − ~p1
)
δ(3) (~p6 − ~p2 − ~p3) δ(3)
(
~k2 − ~p6
)
δ(3) (−~p4 − ~p5 + ~p1)
Gχ (τ2χ, τ3; p6)× Im
{
Cχ (τ1χ, τ4; p1)
[
CL
(
τ ′3, τ
′′
4 ; p2
)
CL
(
τ ′′3 , τ
′
4; p3
)
δ(3) (~p3 + ~p4) δ
(3) (~p2 + ~p5)
+CL
(
τ ′′3 , τ
′′
4 ; p3
)
CL
(
τ ′3, τ
′
4; p2
)
δ(3) (~p2 + ~p4) δ
(3) (~p3 + ~p5)
]}
+Gφ (τ, τ1; k1) Gφ (τ, τ2; k2) δ
(3)
(
~k1 − ~p1
)
δ(3) (~p1 − ~p2 − ~p3) δ(3)
(
~k2 − ~p6
)
δ(3) (−~p4 − ~p5 + ~p6)
Gχ (τ1χ, τ3; p1)× Im
{
Cχ (τ2χ, τ4; p6)
[
CL
(
τ ′3, τ
′′
4 ; p2
)
CL
(
τ ′′3 , τ
′
4; p3
)
δ(3) (~p3 + ~p4) δ
(3) (~p2 + ~p5)
+CL
(
τ ′′3 , τ
′′
4 ; p3
)
CL
(
τ ′3, τ
′
4; p2
)
δ(3) (~p2 + ~p4) δ
(3) (~p3 + ~p5)
]}
+
(
~k1 ↔ ~k2
)}∣∣∣∣∣
τ ′3=τ
′′
3 =τ3 , τ
′
4=τ
′′
4 =τ4
, (B.5)
where we defined the commutators
[
δχ(0)
(
τ,~k
)
, δχ(0)
(
τ ′,~k′
)]
=
[
δχk (τ) δχ
∗
k
(
τ ′
)− δχ∗k (τ) δχk (τ ′)] δ(3) (~k + ~k′) ≡ iGχ(τ, τ ′; k)δ(3) (~k + ~k′) ,[
δφ(0)
(
τ,~k
)
, δφ(0)
(
τ ′,~k′
)]
=
[
δφk (τ) δφ
∗
k
(
τ ′
)− δφ∗k (τ) δφk (τ ′)] δ(3) (~k + ~k′) ≡ iGφ(τ, τ ′; k)δ(3) (~k + ~k′) ,[
tL
(
τ,~k
)
, tL
(
τ ′,~k′
)]
=
[
tL,k (τ) t
∗
L,k
(
τ ′
)− t∗L,k (τ) tL,k (τ ′)] δ(3) (~k + ~k′) ≡ iGL(τ, τ ′; k)δ(3) (~k + ~k′) ,
(B.6)
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and the expectation values〈
δχ(0)
(
τ,~k
)
δχ(0)
(
τ ′,~k′
)〉
= δχk (τ) δχ
∗
k
(
τ ′
)
δ(3)
(
~k + ~k′
)
≡ Cχ(τ, τ ′; k)δ(3)
(
~k + ~k′
)
,〈
δφ(0)
(
τ,~k
)
δφ(0)
(
τ ′,~k′
)〉
= δφk (τ) δφ
∗
k
(
τ ′
)
δ(3)
(
~k + ~k′
)
≡ Cφ(τ, τ ′; k)δ(3)
(
~k + ~k′
)
,〈
tL
(
τ,~k
)
tL
(
τ ′,~k′
)〉
= tL,k (τ) t
∗
L,k
(
τ ′
)
δ(3)
(
~k + ~k′
)
≡ CL(τ, τ ′; k)δ(3)
(
~k + ~k′
)
.
(B.7)
After carrying out the ~p1, ~p6, ~p4, ~p5 integrations using the delta functions and observing
that some of the lines obey a symmetry under the simultaneous exchange τ ′3 ↔ τ ′′3 and
~p2 ↔ ~p3 we can ignore some of the terms while multiplying the entire expression by a factor
of two. The result becomes
δ
(
~k1 + ~k2
)∫ τ
−∞
dτ1
∫ τ1
−∞
dτ2
∫ τ2
−∞
dτ3
∫ τ3
−∞
dτ4
φ λ
2 a(τ1)
4 a(τ2)
4
f2
×
[
6H2
√
χ +
√
2g3λa(τ1)Q
5
fMp
[
k21 + 2g
2a(τ1)2Q2
] d
dτ1χ
+
√
2gHλQ3
[
k41 + 10g
2k21a(τ1)
2Q2 + 12g4a(τ1)
4Q4
]
fMp
[
k21 + 2g
2a(τ1)2Q2
]2 ]
×
[
6H2
√
χ +
√
2g3λa(τ2)Q
5
fMp
[
k21 + 2g
2a(τ2)2Q2
] d
dτ2χ
+
√
2gHλQ3
[
k41 + 10g
2k21a(τ2)
2Q2 + 12g4a(τ2)
4Q4
]
fMp
[
k21 + 2g
2a(τ2)2Q2
]2 ]
×
∫
d3p2d
3p3
(2pi)3
[~+ (pˆ2) · ~+ (pˆ3)]2
{[
ga(τ3)Q− p3 + g
2a(τ3)
2Q2
|~p2 + ~p3|2 + 2g2a(τ3)2Q2 (p3 − p2)
]
∂τ ′3
+
[
ga(τ3)Q− p2 + g
2a(τ3)
2Q2
|~p2 + ~p3|2 + 2g2a(τ3)2Q2 (p2 − p3)
]
∂τ ′′3 + g [a(τ3)Q]
′
}
× [~+ (−pˆ3) · ~+ (−pˆ2)]2
{[
ga(τ4)Q− p2 + g
2a(τ4)
2Q2
|~p3 + ~p2|2 + 2g2a(τ4)2Q2 (p2 − p3)
]
∂τ ′4
+
[
ga(τ4)Q− p3 + g
2a(τ4)
2Q2
|~p3 + ~p2|2 + 2g2a(τ4)2Q2 (p3 − p2)
]
∂τ ′′4 + g [a(τ4)Q]
′
}
×
{
Gφ (τ, τ1; k1) Gφ (τ, τ2; k1) δ
(3)
(
~k1 + ~p2 + ~p3
)
Gχ (τ2χ, τ3; k1) Im
[
Cχ (τ1χ, τ4; k1)CL
(
τ ′3, τ
′′
4 ; p2
)
CL
(
τ ′′3 , τ
′
4; p3
) ]
+Gφ (τ, τ1; k1) Gφ (τ, τ2; k1) δ
(3)
(
~k1 − ~p2 − ~p3
)
Gχ (τ1χ, τ3; k1) Im
[
Cχ (τ2χ, τ4; k1)CL
(
τ ′3, τ
′′
4 ; p2
)
CL
(
τ ′′3 , τ
′
4; p3
) ]
+
(
~k1 ↔ −~k1
)}∣∣∣∣∣
τ ′3=τ
′′
3 =τ3 , τ
′
4=τ
′′
4 =τ4
. (B.8)
The expression before the last line is symmetric under changing the sign of ~k1 (if, at
the same time, one also reverses the sign of the dummy variables ~p2 and ~p3). Therefore the
operation in the last line simply amounts in multiplying the previous lines by two. We then
substitute gaQ (τ) = −mQτ and Λ = λfQ, and we neglect the evolution of mQ during inflation
as it is slow-roll suppressed. We then use the identity |~L (pˆ1) · ~L (pˆ2) |2 = (pˆ1·pˆ2−1)
2
4 . This
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gives
δ
(
~k1 + ~k2
)∫ τ
−∞
dτ1
∫ τ1
−∞
dτ2
∫ τ2
−∞
dτ3
∫ τ3
−∞
dτ4
2φ
H4τ41 τ
4
2
×
[6λ√χ
f
−
√
2m3QΛ
2 τ1
Mp
[
k21τ
2
1 + 2m
2
Q
] d
dτ1χ
+
√
2mQΛ
2
[
k41τ
4
1 + 10m
2
Qk
2
1τ
2
1 + 12m
4
Q
]
Mp
[
k21τ
2
1 + 2m
2
Q
]2 ]
×
[6λ√χ
f
−
√
2m3QΛ
2 τ2
Mp
[
k21τ
2
2 + 2m
2
Q
] d
dτ2χ
+
√
2mQΛ
2
[
k41τ
4
2 + 10m
2
Qk
2
1τ
2
2 + 12m
4
Q
]
Mp
[
k21τ
2
2 + 2m
2
Q
]2 ]
∫
d3p2d
3p3
(2pi)3
(pˆ2 · pˆ3 − 1)4
16
×
{[
Gφ (τ, τ1; k1) Gφ (τ, τ2; k1) δ
(3)
(
~k1 + ~p2 + ~p3
)
Gχ (τ2χ, τ3; k1)
]
×Im
[
Cχ (τ1χ, τ4; k1)
{[
mQ
τ3
]′ [mQ
τ4
]′
CL (τ3, τ4; p2)CL (τ3, τ4; p3)
+2
[
−mQ
τ3
− p2 +
m2Q
k21τ
2
3 + 2m
2
Q
(p2 − p3)
]
CL (τ3, τ4; p2)
×
{[
−mQ
τ4
− p2 +
m2Q
k21τ
2
4 + 2m
2
Q
(p2 − p3)
]
C
(1,1)
L (τ3, τ4; p3)−
[
mQ
τ4
]′
C
(1,0)
L (τ3, τ4; p3)
}
+2
[
−mQ
τ4
− p2 +
m2Q
k21τ
2
4 + 2m
2
Q
(p2 − p3)
]
C
(0,1)
L (τ3, τ4; p3)
×
{[
−mQ
τ3
− p3 +
m2Q
k21τ
2
3 + 2m
2
Q
(p3 − p2)
]
C
(1,0)
L (τ3, τ4; p2)−
[
mQ
τ3
]′
CL (τ3, τ4; p2)
}}]
+ (τ1 ↔ τ2)
}
. (B.9)
We manipulate this expression by inserting the dimensionless time and momentum
xi ≡ −k1τi and qi ≡ pik1 , by using the rescaled variables (4.3), and by using the expressions
(B.6) and (B.7). We also use the background equations to simplify the terms that involve χ
6λ
√
χ
f
=
6λχ˙√
2fHMp
=
6
√
2
Mp
(
mQ +
1
mQ
)
=
6
√
2
mQMp
(
1 +m2Q
)
. (B.10)
We recall that this result is the expression for the correction (4.2) to the inflaton two-
point function. We now divide it by the vacuum correlator as defined in eq. (4.4), and
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obtain
Rδφ =
H2φ
(
1 +m2Q
)2
16M2p |Φ˜ (x) |2
∫ x
∞
dx1
∫ x1
∞
dx2
∫ x2
∞
dx3
∫ x3
∞
dx4
1
x31x
3
2
×
[6√2
mQ
(
1 +m2Q
)− √2m3QΛ2 x1[
x21 + 2m
2
Q
] d
dx1χ
+
√
2mQΛ
2
[
x41 + 10m
2
Qx
2
1 + 12m
4
Q
]
[
x21 + 2m
2
Q
]2 ]
×
[6√2
mQ
(
1 +m2Q
)− √2m3QΛ2 x2[
x22 + 2m
2
Q
] d
dx2χ
+
√
2mQΛ
2
[
x42 + 10m
2
Qx
2
2 + 12m
4
Q
]
[
x22 + 2m
2
Q
]2 ]
∫
d3q2d
3q3
(2pi)3
(qˆ2 · qˆ3 − 1)4
16
δ(3)
(
kˆ1 + ~q2 + ~q3
)
×
{
i x1χx2χ
q2q3
[
Φ˜ (x) Φ˜∗ (x1)− Φ˜∗ (x) Φ˜ (x1)
] [
Φ˜ (x) Φ˜∗ (x2)− Φ˜∗ (x) Φ˜ (x2)
]
×
[
X˜c (x2χ) X˜
∗
c (x3)− X˜∗c (x2χ) X˜c (x3)
]
Im
[
X˜c (x1χ) X˜
∗
c (x4)
W(x3, x4, q2, q3) +W(x3, x4, q3, q2)
2
]
+ (x1 ↔ x2)
}
. (B.11)
This is the result that is presented in (4.5) in the main text, after relabeling the dummy
integrations variables as q2 → q1 and q3 → q2.
C Semi-Analytic Approximation to the Numerical Result
We devote this appendix to the understanding of the numerical results shown in Section 5
via semi-analytical methods. We start our discussion with the equation of motion for the
inflaton field, φ, and its sourcing via the axion field, χ, which is enhanced by the tensor mode
of the gauge field, tL:(
∂2
∂τ2
+ k2 − 2 +O(, η)
τ2
)
Φˆ +
O(, η)
τ
Φˆ′ ' CX Xˆ
τ2
− CX′ Xˆ
′
τ
, (C.1)
where prime indicates derivative with respect to conformal time, and
CX ≡
√
2 φ B Λ
(
k4E + 9k
2E Ba
2H2 + 102Ba
4H4
)
(k2E + 2B a2H2)
2 , CX′ ≡
√
2
√
φ 
3/2
B Λ a
2H2
k2E + 2B a2H2
.
(C.2)
We obtained this expression starting from the quadratic action for the perturbations
written in Appendix A, by integrating out the nondynamical modes, by extremizing the
resulting action with respect to the inflaton perturbation, and by performing a slow roll
expansion as explained around eq. (3.14). We disregarded the subdominant term 6
√
φ χ
inside CX . We also disregard the slow-roll suppressed terms at the left hand side of (C.1).
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We now consider the rescaled time variable x = −kτ , so that x > 1 and x < 1 corre-
spond, respectively, to the sub-horizon and to the super-horizon regime. We want to solve
eq. (C.1) in the super-horizon regime. We recall that Xˆ is the canonical variable associated
to the axion perturbations. In the de-Sitter limit, xXˆ = kH δχ. Since the axion perturbations
are frozen outside the horizon, they satisfy Xˆ =
D(s)χ
x , with constant D
(s)
χ , at x <∼ 1. With
this in mind, eq. (C.1) in the super horizon regime can be approximated as(
∂2
∂x2
+ 1− 2
x2
)
Φˆ ' CX D
(s)
χ
x3
− CX′ D
(s)
χ
x
∂x
(
1
x
)
' (CX + CX′) D
(s)
χ
x3
. (C.3)
We define C ≡ CX + CX′ → 3
√
2 φ B Λ in the super-horizon regime x → 0. This
equation is solved by
Φˆ =
(
1 +
i
x
)
eix√
2k
+ Φˆ(s) , (C.4)
where the first term is the BunchDavies vacuum solution, which gives the vacuum inflaton
mode Φˆ(s) → i√
2kx
in the super-horizon regime, while the second term is the one sourced by
the right hand side of (C.3). In the super-horizon regime this second term gives
Φˆ(s) → −C D
(s)
χ (−1 + γ + lnx)
3x
' −C D
(s)
χ lnx
3x
=
−C D(s)χ Nk
3x
, (C.5)
where in the last step Nk denotes the number of e-folds between the moment in which the
mode leaves the horizon during inflation and the moment in which inflation ends. For the
modes of our interest, Nk  1, which justifies the approximation in the second step.
Following [46], we denote by Rδχ =
∣∣∣∣D(s)χD(v)χ
∣∣∣∣2 the ratio between the power of the sourced
vs. the vacuum modes of the axion field. In eq. (4.4) we have defined the analogous ratio
Rδφ for the inflaton modes. This gives
Rδφ = C
2N2k Rδχ
9
∣∣∣∣∣ D(v)χx Φˆ(v)
∣∣∣∣∣
2
= 2φB Λ
2N2k Rδχ
∣∣∣√2kD(v)χ ∣∣∣2 , (C.6)
where we recall that we are working in the super-horizon regime.
In order to proceed further, we need the expressions for the ratio of the sourced axion
fluctuations to the vacuum axion fluctuations, Rδχ, and for the amplitude of vacuum axion
fluctuations in the super-horizon regime resulting from nonlinear dynamics with the scalar
degrees of freedom of the gauge field,
√
2kD(v)χ . In ref. [46], we provided a fit for the
dependence of these quantities on mQ, namely
|tL(x)| = |tL|peak · e−mQ log
2
(
x
xp
)
, |tL|p ' 8
3
√
mQ e
pi
2
mQ and xp ≡ 4
9
mQ , (C.7)
(that we also write as eq. (3.5) in the main text) for the behaviour of the unstable SU(2)
tensor mode around its maximum value,
Im
(
X˜c(x)X˜c(x1)
∗
)
|X˜c(x)|
∣∣∣∣
x→0
' 1
Λ
(
0.22− 0.34
mQ
)
x21 , (C.8)
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(where X˜c is rescaled according to eq. (4.3)) for the super-horizon behaviour of the axion
perturbations sourced by tL, and
∣∣∣√2kD(v)χ ∣∣∣ '
√
1 +m2Q
Λ
(
−12.5
mQ
+
255
m2Q
− 897
m3Q
+
1050
m4Q
)
≡ D˜(v)χ (mQ)
1
Λ
, (C.9)
for the axion perturbations obtained from the linear theory.
By employing the expressions given in (C.7), (C.8) and (C.9), one can first evaluate the
time integral in (4.9) analytically, and obtain
Rδχ(g,mQ) ' 1
256pi2
g2(1 +m2Q)
m2Q
|tL(mQ)|4
∫
dp
∫ 1+p
|1−p|
dq
(
2
1− (p+ q)2
p2 − q2
)4
T 2(p, q) ,
(C.10)
where
T (p, q) ≡
√
pi x3p e
−mQ log2
(
p
q
)
2
√
2
√
mQ p3
{
6mQ p e
[1+mQ log( pq )]
2
2mQ
xp
+e
[3+2mQ log( pq )]
2
8mQ
[
−3 (p+ q) + 2mQ (p− q) log
(
p
q
)]}
, (C.11)
is the analytical result of the time integration for each tL propagator in the one loop diagram
that accounts for the production of δχ.
We integrate this expression numerically, and we fit the result as
Rδχ(g,mQ) ' 1
256pi2
g2(1 +m2Q)
m2Q
(
0.22− 0.34
mQ
)2 [8
3
√
mQ e
pi
2
mQ
]4 (
11.3 + 1.48m5Q
) ≡ g2 R˜δχ (mQ) ,
(C.12)
where the third factor arises from taking the square of the combination in the second line of
the (C.8), while the last factor is the numerical fitting to the numerically evaluated momen-
tum integral.
Combining the expression above with g2 B =
g4Q4
H4
H2
M2p
= m4Q
H2
M2p
, we have
Rδφ = 2 φN2k m4Q
H2
M2p
D˜(v)2χ (mQ) R˜δχ (mQ)
∣∣∣∣
x→0
, (C.13)
where we note that the explicit dependence on Λ and g2 has dropped.
To proceed, we express the ratio H/Mp in terms of the amplitude of the vacuum tensor
modes [58]
P
(v)
h =
2
pi2
H2
M2p
, (C.14)
and we define the parameter
rvac ≡ P
(v)
h
Pζ,measured
, (C.15)
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so that
Rδφ = 2 φN2k m4Q
pi2
2
rvac Pζ,measured D˜(v)2χ (mQ) R˜δχ (mQ)
∣∣∣∣
x→0
. (C.16)
Moreover we can use rvac = 16 φ
(
1 + Bφ
)2
(which we derived in Appendix F), giving
Rδφ = N2k m4Q pi2
r2vac
16
(
1 + Bφ
)2 Pζ,measured D˜(v)2χ (mQ) R˜δχ (mQ) ∣∣∣∣
x→0
, (C.17)
where we recall that D˜(v)2χ (mQ) and R˜δχ (mQ) are given, respectively, by eqs. (C.9) and
(C.12). By plotting the resulting expression, one can see that, in the range 2.5 <∼ mQ <∼ 3.5,
this product is well fitted by 0.007m7Q × e7mQ (where the final exponent come from (C.12),
while the monomial 0.007m7Q is a fit).
Using this, and Pζ,measured = 2.1 · 10−9 [74], we arrive to
Rδφ ' 10
−11(
1 + Bφ
)2 m11Q e7mQ N2k r2vac . (C.18)
Remarkably, this expression only depends on mQ, on rvac (or equivalently H), on Nk
and on the ratio Bφ . As we discussed, the result (C.18) grows as log
2 (x) = N2k in the super-
horizon regime. We verified this expression against a fully numerical evaluation of eq. (4.9).
We found that dividing eq. (C.18) by two reproduces the numerical results with sufficient
accuracy, up to ∼ 20% corrections. Therefore we modify (C.18) with
Rδφ ' 5 · 10
−12(
1 + Bφ
)2 m11Q e7mQ N2k r2vac . (C.19)
which we also report as eq. (5.9) of the main text. Figures 5 and 6 confirm the accuracy of
this expression.
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R(x) ∝ ln[x]2
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-k τ = x
R
δϕ
Figure 5. Scaling with time of the ratio Rδφ in the super-horizon x 1 regime. The solid line is the
analytic result (C.19), for the choice of rvac = 10
−2 and mQ = 2.986 (we recall that Nk = lnx). The
dots correspond to the numerical evaluation of eq. (4.9). For simplicity in the comparison between
the analytic and numerical results we have assumed that B  φ.
2.5 3.0 3.5 4.0
0.001
0.100
10
1000
mQ
R
δϕ
Figure 6. Scaling with mQ of the ratio Rδφ. The solid line is the analytic result (C.19), for the
choice of rvac = 10
−3 and for x = 0.01. The dots correspond to the numerical evaluation of eq. (4.9).
The value x = 0.01, corresponding to Nk ' 4.6, is assumed in this figure. Similarly to the previous
figure B  φ has been assumed for the purposes of comparing the numerical and semi-analytic
result.
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D Direct subdominant δφtLtL interaction
Integrating out the non-dynamical perturbations from the action (A.1) we find that the 0−th
component of the gauge field can be related to the inflaton perturbations by
δAa0 = −
√
2Eφa
2H
−∆ (−E ∆ + 2B a2H2)
[
BH ∂τ +
(−E ∆− 2B a2H2) 1
2a
]
∂aΦ + . . .
= −
√
2Eφa
2H
−∆ (−E ∆ + 2B a2H2)
(
B aH ∂τ − E
2
∆
)
∂aδφ+ . . . , (D.1)
where ∆ is the spatial Laplacian in comoving coordinates, and where the dots denote the
term proportional to the axion perturbations that contribute to the tLtLδχ interaction (4.1)
[46]. Proceeding in the same way, we find that the nondynamical metric perturbations are
related to the inflaton perturbations by
Φ =
√
φ√
2Mp
(
1− a
2HEB
−E ∆ + 2B a2H2
∂τ
a
)
δφ+ . . . ,
B =
√
φ ∂τ
−√2Mp ∆
δφ+ . . . , (D.2)
(where again the dots denote terms proportional to the CNI axion, which play no role in this
discussion).
The terms (D.1) and (D.2) can induce interactions between the inflaton mode and
tL (without involving the CNI scalar dynamical modes). We note that these interactions
cannot arise from the pseudo-scalar term in the action of the model. Firstly, this term does
not contain the metric tensor. Secondly, interactions between δA30 and the tL mode cannot
be induced by
− λ
8f
χµναβF aµνF
a
αβ =
λ
f
χ∂φJ
φ , Jφ = µνρφ
(
1
2
Aaµ∂νA
a
ρ +
g
6
abcA
a
µA
b
νA
c
ρ
)
, (D.3)
because, after integrating by parts, we see that the index φ is forced to be zero, so that the
indices µ, ν, ρ entering in Jφ are forced to be spacial indices. On the other hand, the vector
kinetic term induces interaction that are formally of the type
√−gL ⊃ −
√−g
4
F aµνF
µν,a ⊃ O (scalar t2L)+O (scalar2 tL)+O (scalar2 t2L) , (D.4)
where the scalar modes are initially non-dynamical modes, that are then written in terms of
the inflaton perturbations through (D.1) and (D.2). The terms of the last two types give rise
to diagrams that are suppressed either because they involve fewer tL mode functions or the
tL mode function in the zero momentum limit (which is, therefore, not enhanced). This is
discussed in more details after eq. (4.2) of [46]. Therefore, we disregard them. The terms of
the first type are included into
−
√−g
4
F aµνF
µν,a
∣∣∣
O(scalar t2L)
⊂ 1− Φ
2
F a0i F
a
0i − ∂iB F a0j F aij −
Φ
4
F aij F
a
ij . (D.5)
From this we obtain
−
√−g
4
F aµνF
µν,a
∣∣∣
O(scalar t2L)
= g abc t′ai δA
b
0 tci −
1
2
Φ t′ai t
′
ai −
(
∂iB t
′
aj − ∂jB t′ai
) (
∂itaj + aQg
aib tbj
)
−Φ
2
∂itaj (∂itaj − ∂jtai) + Φ aQg abi ∂itaj tbj . (D.6)
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Inserting (D.1) and (D.2) into this expression provides a direct coupling for the tL+tL →
δφ process, in addition to the production channels considered in the main text. In the
remainder of this appendix we estimate the production due to these couplings.
Based on the results for the tL + tL → δχ production computed in [46], and for what is
typically obtained for models with perturbations sourced by vector fields, in our estimate we
assume that the production takes place mostly at horizon crossing, so that we can substitute
∂t → aH and ∆→ −a2H2 in the relations (D.1) and (D.2)
δAa0 ∼ −∂a
(
mQ
g
√
φ
2
δφ
Mp
)
, aH B ∼ Φ ∼
√
φ
2
δφ
Mp
, (D.7)
where the last of (2.7) has been used, with Q˙ = 0, as well as Q =
HmQ
g .
Analogously, we replace the derivatives acting on tL by aH ×mQ, where the last factor
is due to the (parametric) position of the peak in tL. This results in an interaction that is
parametrically of the type
Hint,δφ t t ∼
m2Q
√
φa
2H2
Mp
δφ tia tia , (D.8)
times an order one factor. We denote by 〈δφδφ〉direct the two-point correlation function of
the inflaton perturbations produced by this vertex, and by Rδφ,direct the ratio between this
quantity and the one computed in the rest of this work, namely the one given in eq. (C.6).
We want to show that this ratio is much smaller than one, so that the terms considered in
this appendix can indeed be neglected. We have
Rδφ,direct
Rδφ =
〈δφδφ〉direct
〈δφδφ〉vacuum
C2N2k
9
〈δχδχ〉sourced
〈δχδχ〉vacuum
∣∣∣∣ D(v)χx Φˆ(v)
∣∣∣∣2
. (D.9)
Next, we use the fact that 〈δφδφ〉vacuum =
∣∣∣x Φˆ(v)∣∣∣2 and that 〈δχδχ〉vacuum = ∣∣∣D(v)χ ∣∣∣2 to write
Rδφ,direct
Rδφ =
9
C2N2k
〈δφδφ〉direct
〈δχδχ〉sourced
. (D.10)
The numerator of this expression is associated to (D.8). The corresponding vertex for
the denominator is the direct δχ t t interaction, that we computed in [46]. We take eq. (4.6)
of that work, and perform the same estimates as those done to obtain (D.8). This leads to
Hint,δχ t t ∼ λ
f
a2H2m2Q δχ tai tai . (D.11)
The last ratio in (D.10) can be thus estimated by taking that ratio of the squares of
the couplings in the corresponding interaction Hamiltonians, and the ratios of the Green
functions of the inflaton vs. the axion modes (the amplitudes of the tL fields cancel in the
ratio)
Rδφ,direct
Rδφ ∼
9
C2N2k
×
 m2Q√φa2H2Mp
λ
f a
2H2m2Q
2 × G2φ (0.01, mQ2 )
G2χ
(
0.01,
mQ
2
) . (D.12)
– 33 –
The arguments of the Green functions are, respectively, the (rescaled) time x = −kτ at
which the perturbations is evaluated and the (rescaled) time at which the source is peaked.
We take 0.01 for the former, just outside the horizon (the fact that the sourced term consid-
ered in this paper is active all throughout the super-horizon regime, while the direct coupling
is effective only at horizon crossing results in the 1/N2k suppression accounted for by this
factor in (D.12)).
Using C ' 3√2 φ B Λ this ratio simplifies to
Rδφ,direct
Rδφ ∼
1
2N2k m
2
Q Λ
4
G2φ
(
0.01,
mQ
2
)
G2χ
(
0.01,
mQ
2
) . (D.13)
where the expression for B in (2.7), and eqs. (2.10) have also been used.
The Green function for φ (in the small x limit) is given by
iGφ
(
x, x′
) ≡ δφ (x) δφ∗ (x′)− c.c. = −H2 [−x′ cos (x′) + sin (x′)]
k3
. (D.14)
The Green function for χ can be rewritten as
iGχ
(
x, x′
) ≡ δχ (x) δχ∗ (x′)− c.c. = −2H2x′
k2
Im (X (x) X∗ (x′))∣∣∣√2kX (x)∣∣∣
∣∣∣√2kD(v)χ ∣∣∣
= −H
2x′
k3 Λ
√
1 +m2Q
Im
(
X˜c (x) X˜
∗
c (x
′)
)
∣∣∣X˜c (x)∣∣∣ D˜(v)χ (mQ) ≡ −
H2x′
k3 Λ2
G˜χ
(
x′
)
,
(D.15)
where we recognize the product between the two quantities in eqs. (C.8) and (C.9). We note
that the quantity G˜χ does not depend on Λ. With this in mind, we have
G2φ (0, x
′)
G2χ (0, x
′)
= Λ4
(
x′ cos (x′)− sin (x′)
x′G˜χ (x′)
)2
. (D.16)
The expression for the ratio of the two contributions can then be rewritten as
Rδφ,direct
Rδφ ∼
1
2N2k m
2
Q
(
mQ
2 cos
(mQ
2
)− sin (mQ2 )
mQ
2 G˜χ
(mQ
2
) )2 . (D.17)
The final expression is only a function of the parameter mQ as well as the number of
e-folds Nk. In Figure 7 it is shown that for the range of values of the parameters that we are
considering in the present work, the above quantity is always small and therefore the direct
coupling can safely be neglected.
E Contributions to the Curvature Perturbation
In this work we have assumed that the inflaton perturbations δφ control the curvature pertur-
bation ζ. In general, one needs to verify that the contribution from the axion perturbations
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Figure 7. Estimate of the ratio between the power of the inflaton perturbations produced by the
direct interaction considered in this Appendix and the one considered in the rest of this work. This
result confirms that the interactions considered in this Appendix can be neglected.
δχ is negligible [66]. In this appendix we discuss when this is the case. In spatially flat gauge,
the curvature perturbation is written as
ζ = −Hδρ
ρ˙
' −H V
′ (φ) δφ+ U ′ (χ) δχ
ρ˙
≡ ζφ + ζχ , (E.1)
There are two main contributions to ζ. Requiring that the nonlinear contributions to the
inflaton perturbations that we have computed here are smaller than the linear contributions,
Rδφ  1, and using eqs. (2.10) and (2.11) for U ′, one can write
Pζφ
Pζχ
' 9H
2φ˙2 H
2
4pi2
U ′ 2(χ)
[
Pδχ(v) + Pδχ(s)
] ' 9H2φ˙2 H24pi2
9Λ2m2QH
4Q2 [1 +Rδχ] Pδχ(v)
. (E.2)
In the parameter space analyzed in the main text the sourced axion perturbations always
dominate over the vacuum axion perturbations. Therefore, in our discussion below, we only
consider the sourced axion modes. As we now see, this allows to obtain an expression for
Pζφ/Pζχ that only depends on mQ.
To this end, we note that from eq. (C.9) one can write
P
1/2
δχ(v)
=
H
2pi
∣∣∣√2kD(v)χ ∣∣∣ = H2pi
√
1 +m2Q
Λ
(
2.88− 5.58
mQ
+
52.9
m2Q
− 191
m3Q
+
326
m4Q
)
' H
2pi
√
1 +m2Q
Λ
×O (1) , (E.3)
and, using Rδχ ≡ g2 R˜δχ (mQ) from eq. (C.12), we have
Pζφ
Pζχ
' φ˙
2
m4Q (1 +m
2
Q)H
4 R˜δχ (mQ)
. (E.4)
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χ rolls throughout
inflation
2.6 2.8 3.0 3.2 3.4
10-6
10-5
10-4
0.001
0.010
0.100
mQ
P
ζϕ/P ζ
χ
Figure 8. Ratio between the contribution to the curvature power spectrum of the (linear) inflaton
and the (nonlinear) axion perturbations, under the assumption that the axion rolls throughout infla-
tion and also that B  φ. A much greater ratio is obtained if the axion becomes massive during
inflation.
Assuming that the measured value of the CMB temperature anisotropies is all due to
the inflationary perturbations we then have Pζ,measured ' 2.1 · 10−9 ' H4
4pi2φ˙2
(
1+
B
φ
)2 (see eq
(F.2) [74], and so
Pζφ
Pζχ
∣∣∣
χ rolls
' 1
m4Q (1 +m
2
Q) 4pi
2 Pζ,measured
(
1 + Bφ
)2 R˜δχ (mQ) . (E.5)
We plot the ratio Pζφ/Pζχ in Figure 8, assuming B  φ. We note that this ratio is much
smaller than one for nearly all the parameter space we have considered. If the sourced axion
fluctuations dominate over the inflaton fluctuations, then the curvature fluctuations obey a
chi-square distribution (as in the U(1) case [28]) due to the 2-to-1 sourcing tL + tL → δχ.
We note that the result (E.5) assumes that the axion rolls all throughout inflation. If the
axion becomes massive during inflation, its energy starts redshifting away as a−3, while the
energy of the inflaton remains nearly constant. Accordingly, the contribution of the axion to
the curvature perturbation strongly decreases. Assume that the CMB modes are produced
NCMB ' 60 e-folds before the end of inflation, while the axion is running. Assume that the
axion runs for another Nk e-folds (in Figure 4 we have considered the two cases Nk = 10 and
Nk = 50), and then it reaches a minimum of its potential, where it becomes very massive
(with a mass m > 32H). We denote by N∗ = NCMB −Nk the number of e-folds of inflation
during which φ is massive (from the moment it reaches the minimum of the potential to the
end of inflation). We then have
Pζφ
Pζχ
∣∣∣
end of inflation
∼ e3N∗ Pζφ
Pζχ
∣∣∣
φ rolls
. (E.6)
Even assuming that N∗ = 10 gives an increase of about 13 orders of magnitude with
respect to the result shown in the right panel of Figure 8. In this work we assume that the
increase due to (E.6) is such that the observed curvature perturbations are dominated by the
inflaton field.
– 36 –
F Generalized slow roll relations for Pζ and rvac
In this Appendix we derive the relation between the contribution rvac of the vacuum GW to
the tensor-to-scalar ratio and the slow roll parameters. 13 We extend the standard relation
to the case in which the slow roll parameter B is not necessarily smaller than the parameter
φ.
In the spatially flat gauge we can compute the primordial density perturbation
ζ = −Hδρ
ρ˙
' V,φδφ
6HH2M2p
' 1√
2H
(
φ
H
) 1
2 δφ
Mp
, (F.1)
where the first of (2.7) has been used, with H is defined in eq (2.6)
The power spectrum of scalar perturbations is then found to be
Pζ = H
2
〈
δρ2
ρ˙2
〉
' 1
2H
(
φ
H
)(
H
2piMp
)2
' H
2
8pi2M2p
φ
(φ + B)
2 , (F.2)
where in the last step we have used the fact that B is the dominant CNI slow-roll parameter
in the sum (2.6). From the definitions of B and mQ (respectively, eqs. (2.7) and (2.10) of
the main text), we can write H
2
M2p
= g
2 B
m4Q
. In this way, the expression for the scalar power
spectrum can be also written as
Pζ ' g
2
8pi2m4Q
φB
(φ + B)
2 , (F.3)
We can also use eq. (F.2) to obtain a simple expression for the ratio between the power
spectrum of the vacuum tensor perturbations P
(v)
h ' 2pi2 H
2
M2p
:
rvac =
P
(v)
h
Pζ
' 16
2
H
φ
' 16 φ
(
1 +
B
φ
)2
, (F.4)
We see that the standard relation rvac = 16φ is recovered in the φ  B case.
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